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Abstract 

We present closed graph and open mapping theorems for C-linear maps acting between suitable 
classes of topological and locally convex topological C-modules. This is done by adaptation of De 
Wilde's theory of webbed spaces and Adasch's theory of barrelled spaces to the context of locally 
convex and topological C-modules respectively. We give applications of the previous theorems to 
Colombeau theory as well to the theory of Banach C-modules. In particular we obtain a necessary 
condition for C/°°-hypoellipticity on the symbol of a partial differential operator with generalized 
constant coefficients. 



Introduction 

In the recent past the topological investigation of Colombeau algebras of generalized^functions has mo- 
tivated the development of a more general theory of locally convex and topological C-modules. This is 
based on new concepts as C- absorbent, balanced and convex subsets of a C-module Q and makes use of 
a suitable C-adaptation of the classical notion of seminorm called ultra-pseudo-seminorm. The theory 
of locally convex and topological C-modules has been elaborated in [7, 8] by following, as a blueprint, 
the classical results on topological vector spaces concerning continuity of linear maps, boundedness, com- 
pleteness, inductive and projective limit topologies etc. Particular attention has been given to the dual 
of a topological C-module Q, i.e. the set C(Q, C) of all continuous C-linear functionals on Q, and to the 
different ways of endowing C(Q, C) with a C-linear topology. 

The purpose of this paper is to provide closed graph and open mapping theorems for C-linear maps acting 
on suitable classes of locally convex and topological C-modules. This is obtained by working out a C- 
linear version of the classical theories of De Wilde's webs and Adasch's strings to employ on locally convex 
and topological C-modules^respectively. Since the most common Colombeau algebras are examples of 
locally convex topological C-modules these abstract theorems of functional analysis can now be applied 
to concrete problems in the Colombeau context and provide results of continuity and regularity. As a first 
application of the closed graph theorem we prove a necessary condition of t/°°-hypoellipticity for partial 
differential operators with constant Colombeau coefficients and continuous dependence on the data for 
the solution of a Cauchy problem uniquely solvable in the Colombeau algebra Q(M. n ). 

We now describe the contents of the sections in more detail. 

Section 1 lays down an adaptation of De Wilde's theory of webbed spaces to the framework of locally 
convex topological C-modules. By replacing the classical real scalars with a special family of generalized 
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numbers, as already done in many situations in [7, 8], we introduce the notion of web of type C on a locally 
convex topological C-module Q. A first version of the closed graph theorem is obtained in Theorem 1.4 
for a C-linear map acting from a Frechet C-module Q to a locally convex topological C-module T which 
has an^absolutely convex web of type C. The validity of this result is extended by assuming that Q is a 
Baire C-module in Theorem 1.8 and a Hausdorff ultrabornological C-modulc in Proposition 1.10. Some 
hereditary properties of webbed C-modules are examined in Subsection 1.2. In particular we prove that 
the strict inductive limit of a sequence of locally convex topological C-modules equipped with a web of 
type C as well as its topological dual has a web of the same type. 

Section 2 is devoted to a first formulation of the open mapping theorem via application of the closed 
graph theorems provided in Section 1. In this way we obtain that a sequentially closed C- linear map 
from a locally convex topological C-module with a web of type C onto a Hausdorff ultrabornological 
C-module is open. By following [17, Chapter 3, Section 17] we give a first example of an open mapping 
theorem which holds for C-linear maps acting between topological C-modules which are not necessarily 
locally convex but metrizable. The investigation of classes of topological C-modules without convexity 
assumptions by means of which to formulate closed graph and open mapping theorems is the main topic 
of Section 3. 

Section 3 elaborates an adaptation of Adasch's theory of strings for topological vector spaces to the 
setting of topological C-modules. In Subsection 3.1 after the basic definitions we deal with different 
C-linear topologies generated by directed families of strings and we make a comparison between them. 
The notion of barelledness for topological C-modules as well as the strong and the associated barrelled 
topologies on a C-module Q is introduced in Subsection 3.2. The core of Subsection 3.3 is a version of 
the closed graph theorem which says that every closed C-linear map from a barrelled C-module Q to 
a Frechet C-module T is continuous. In order to extend this theorem to a larger class of spaces T wc 
define the concept of infra-s C-modulc. This turns out to be the largest possible class of C-modules T 
for which the closed graph theorem above is valid. Indeed, an infra-s C-module T can be characterized 
by the property that every closed C-lincar map from a barrelled C-modulc to T is continuous. The final 
Subsection 3.4 of Section 3 deals with open mapping theorems and barrelled topological C-modules. We 
begin in Theorem 3.26 by proving that every surjective and continuous C-linear map from a Frechet 
C-module to a Hausdorff barrelled topological C-module is open. By means of technical notions such as 
weakly singular C-lincar maps and regular contractions we work out an extension of the previous theorem 
which allows to substitute the Frechet C-modules with the larger class of s-C-modules. As for infra-s 
C-modules we prove that this choice is optimal in the sense that a Hausdorff topological C-module Q 
is an s-C-module if and only if every weakly singular C-linear map from Q onto a barrelled topological 
C-module is open. 

Some applications of the closed graph and the open mapping theorems to Colombeau theory as well 
as to the theory of Banach C-modules are collected in Section 4. The recent investigation of the ir- 
regularity properties of generalized differential and pseudodifferential operators in the Colombeau context 
[6, 10, 11, 12, 15, 16] has provided several sufficient conditions of £°°-hypoellipticity, i.e. hypotheses on the 
generalized symbol of the operator P(x, D) which allow to conclude that u G Q°°(n) when Pu £ G°°{£1). 
So far, the research of necessary condition for ^°°-hypoellipticity has been a long-standing open problem. 

The closed graph theorem stated for Frechet C-modules as a particular case of Theorem 1.6 enables us to 
find for the first time a necessary condition for ^^-hypoellipticity on the symbol of a partial differential 
operator with generalized constant coefficients. The achievement of a result of this kind via functional 
analytic methods is a novelty within Colombeau theory and we strongly believe that closed graph theorem 
arguments will provide necessary conditions for other types of regularity such as Colombeau-analytic or 
Colombeau-Gevrey regularity. A further immediate application of the closed graph theorem shows that 
when the Cauchy problem 

n-l 

«< n >(t) = ai(t)u {i) (t) + b(t), u(t ) - wo, u'(to) = «i, -, w ( " _1) (*o) = «n-l 

i=l 

is uniquely solvable in Q(M.) then the solution u depends continuously on the inhomogeneity b and the 
initial values uq,ui, u n -\. Analogous continuous dependence on the data is obtained for the Colombeau 
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solution of the linear wave equation problem. 

The second part of Section 4 presents some theoretical applications jaf the closed graph theorem in the 
form of the isomorphism theorem to the abstract theory of Banach C-modules. In detail, we prove that 
in a Banach C-module two compatible ultra-pseudo-norms are equivalent and that a pointwise bounded 
subset Y C £(Q, T), where Q and T are Banach C-modules, is bounded with respect to the ultra-pseudo- 
normed topology of C(Q, T). 

For the convenience ofthe reader and the sake of completeness we add a small appendix on bornological 
and ultrabornological C-modulcs. This serves as a brief survey on the subject and proves results needed 
in Section 1. 

We recall that throughout the_paper when we talk of absorbent, balanced and convex subsets of a C- 
module we always intend the C-version of the corresponding classical definitions given in [7, Definition 
1.1]. The paper [7] has to be considered as the topological background of this work. 



1 De Wilde's theory for locally convex topological C-modules 

In this section we elaborate an adaptation of Dc Wilde's theory of webbed spaces [3, 4, 5, 18, 19] to the 
context of locally convex topological C-modules. Our aim is to find suitable classes of C-modules in this 
way to be employed in a formulation of the closed graph theorem for C-linear maps. 

1.1 Webs in locally convex topological C-modules and closed graph theorems 
Definitions and first properties 

Definition 1.1. Let Q be a locally convex topological C-module. A family W — {C(ni, rife)} of subsets 
of Q where k and n\, ...,rik run through all ofN \ is called a web if it satisfies the relations 

oo oo 

Q= U C(m), C(m, ...,n fc _i) = (J C(m,...,n fe ), 

"1=1 n k = l 

for k > 1 and for all rii, rife. 

If all the sets of a web are closed or absolutely convex we say that the web is closed respectively absolutely 
convex. 

A web W is of type C if the following condition is fulfilled: for all nk G N \ there exists pk G R such 
that for all Xk > pk and Xk G C(n\, ...,rifc) the series X)^Li[( eAfc )e] x fe converges in Q. 

A web W is called strict if it is absolutely convex and the following condition is fulfilled: for all nk G N\0 
there exists pk G K such that for all Xk > Pk and Xk G C(n\, rife) the series X)fc X Li[( eAfe )e] x fc converges 
in Q and J2k=k [( eAfc )e] x fe : = { u G Q '■ YJk=k [( £Xh )e\ x k —>u as n —> +00} is contained in C(ni, ...,rifc ) 
for all ko- 

Clearly a strict web is an absolutely convex web of type C. Conversely we have the following proposition. 
Proposition 1.2. IfW is an absolutely convex and closed web of type C on Q then it is strict. 

Proof. By definition of a web of type C we are able to choose the sequence (pk)k such that pk > for 
all k > 1. Hence, for Xk G C(ni, rife), > pk and for all k ,N > 1 we have that J2k°=X^ '[{ eXk )e\ x k G 
C(rii, ...,rifc ). Finally, since C(ni, nk ) is closed and the sequence (J2k=k [{ eXk )e\ x k)n is convergent 
in g we have that J2kLk [(^ Xk )e] x k Q C(ni, ...,n fco ). □ 

Proposition 1.3. Every Frechet C-module has an absolutely convex and closed web of type C. 
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Proof. Let Q be a Frechet C-module and {Uk}^Li be a base of closed and absolutely convex neighbor- 
hood of the origin with Uu+i Q Uk- The subsets C(ni,n 2 , ...,rifc) := fl^ =1 [{e~ nj )e]Uj define for m, ...,rik 
running through N \ an absolutely convex and closed web of type C. Indeed, Q = U^ i=1 {(e~ ni ) e ]Ui, 
C(ni, rifc_i) = U^° =1 C(ni, rife) and every C(n\, rife) is closed and absolutely convex by construc- 
tion. Given the sequence (rifc)fc let us choose pt G K such that Pfe — nfe > 0. By the absolute convexity of 
the neighborhoods f/fe we have that for all Afe > pk and irfe G C{n\, ...,nfe) 

53 [(e Afc )e]x fc e ]T [(e Afc -" fc )e]^ C J2 [{e pk ' nk )e]U m CU m , m > 1, p > 1. 

k—m k—m k—m 

This shows that Efeli[( eAfc )e] 

Xfc is a Cauchy series and then it is convergent in Q. □ 
We postpone a more detailed collection of examples and properties of webs to Subsection 1.2. 



Closed graph theorem 

By regarding the classical De Wilde's approach as a blueprint, different versions of the closed graph 
theorem can be formulated in the context of webbed C-modules. 

Theorem 1.4. Let Q be a Frechet C-module and J 7 be a locally convex topological C-module which has 
an absolutely convex web of type C. If the C-linear map T : Q — > T has sequentially closed graph then it 
is continuous. 

The proof of Theorem 1.4 requires the following topological lemma. 

Lemma 1.5. Let Q and T be locally convex topological C-modules and T : Q — > T be a C-linear map. If 
Q is a Baire space then for all neighborhoods V of in T the set T _1 (V) is a neighborhood of in Q. 

Proof. It is not restrictive to assume that V is an absolutely convex neighborhood of in T. Since it 
is absorbent, too, we can write Q as U^ 1 [(e _ ") £ ]T^ 1 (V) and from the assumption that Q is a Baire 
C-module we deduce that there exists some [(s~ n ) e ]T~ 1 (V) which is not rare. Hence T _1 (V r ) is not 
rare, i.e., mt(T ^_(V)) ^ 0. L et x G m t(T- 1 (V)). Then, there exists a neighbo rhood U of such 
that x + U C T~ x ( y). Sin ce T^ 1 {V ) is absolu tely convex we ha ve that — x G T _1 (F) and hence 
U = -x + x + U C T _1 (F) + T-^V) C T-^V). This means that T _1 (y) is a neighborhood of in 
a. □ 

Proof of Theorem 1.4. Our aim is to prove that if W is a closed and absolutely convex neighborhood 
of the origin in T then T~ 1 (W) is a neighborhood of in Q. Let W be an absolutely convex web of 
type C on J". Since T = U~ =1 C(ni) we have that = U^T-^C^m)) and T^C^m, ...,n fc _i)) = 
U^ =1 T _1 (C(ni, rife)). ^ is a Frechet C-module and then a Baire C-modulc. It follows that there 
exists fii e N such that int T _1 (C(ni)) ^ 0. From the fact that T _1 (C(ni)) is not meager we ob- 
tain that for some n 2 G N the set T _1 (C(ni, n 2 )) has nonempty interior. Thus, we find a sequence 
{T _1 (C(ni, nk))}k of sets which are not meager and absolutely convex. Writing T as L)^ =1 [(e^ m ) £ ]W 
we get T _1 (C(ni, ...,rifc)) = U$^ =1 T _1 (C(ni, ...,nfe) D [(e~ m ) e ]VF) and consequently we can extract a se- 
quence {r _1 (C(ni, nfc) n [(£ _mt: )e]VF)}fc of nonrare and absolutely convex subsets of Q. Given the 
sequence of real numbers pu associated to the choice of (nk)k and to the web W we choose Afe > pk such 
that Afe — TOfc > for all k and we define 

(1.1) Mfe ■.= T- 1 ([(e^) E }C(n 1 ,...,n k )n[(e^- m ") E }W). 

By the previous considerations Mfe is a nonrare absolutely convex subset of Q and Mfe has an interior point. 
It follows that every Mfe is a neighborhood of in Q. Let {Uk)k be a decreasing base of neighborhoods of 
the origin in Q and Vfe := MfeiHt/fc. If x n G T _1 (W) then there exists x\ G T~ 1 (W / ) such that x — x\ G V\ 
and since Vi C Mi there exists a; 2 G Mi such that x — x\ — x 2 G V2. By iteration we find a sequence of 
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points Xk+i G Mk for all k > 1 such that xo — J2k=i x k S C [/„. In other words X^feLi x *= converges 
to x in 0. The definition (1.1) yields that [(e~ Afc ) e ]T{x k+1 ) G C(m, ...,n fe ) n [{£- m «) e ]W for all fc > 1. 
Hence by definition of a web of type C the series 

(1-2) £r(x fe+1 ) = £[( £ Afc )e][( £ - Afc )e]n^ + l) 

k=l k=l 

is convergent in J 7 . The absolute convexity of W leads to 

n n—1 n—1 

]T T(z fc ) - T( Xl ) + ^ T(xfc+i) C W + J2l(£ Xk ~ mk )e}W C W 
fc=i fc=i fe=i 

for all n > 1 and then the series in (1.2) converges to a point of W. Finally, by the sequential closedness 
of the graph of T we are allowed to conclude that the series T(xk) converges in W to T{xq) and 

therefore x G T~ 1 (W). We have proved that T _1 (W) = T" 1 ^). By Lemma 1.5 this means that 
T _1 (W) is a neighborhood of in £. □ 

The general case of J 7 with a web of type C is a little more complicated. 

Theorem 1.6. Let Q be a Frechet C-module and J 7 be a locally convex topological C-module which has 
a web of type C. If the C-linear map T : Q — > T has sequentially closed graph then it is continuous. 

Proof. Let W be a closed and absolutely convex neighborhood of the origin in T and (Uk)k be a de- 
creasing base of neighborhoods of the origin in Q. As in the proof of Theorem 1.4 we find a sequence 
{T _1 (C(ni, ...,7ifc) n [(e~ mfc ) £ ]W0}fc of nonrare subsets of 5, we choose Xk > Pk such that — > 
for all k and we define the sets as in (1.1). Since every Mk is not rare, for all k we find Xk £ Mk and 
an absolutely convex neighborhood Vk of such that Vk Q Uk and Xk + Vk C Mfc. Let xo G T _1 (VK). By 
induction arguments we find a sequence (j/»)»>i with j/i G T _1 (VK) and yk G Mfe_i for all k > 2, such 
that 

fc— l fc fc 

(1.3) xo-^yt + ^x, eVk (=Uk and z - ^ Vi + ^ e M h . 

i=l i=l i=l i=l 

By construction, Txi G [(e Ai ) e ]C(ni, m) and since the web W is of type C the series X^i^i i s 
convergent in T. Analogously, since G Mj and Ty i+ \ G [(e Ai ) e ]C(ni, rij), the series Y^Zi^Vi 
is convergent in T. By definition of the sets Mi we easily see that Ty.i + i G [(e Ai_mi ) £ ]lF and Txi G 
[(e Ai ~" li ) e ]W / . The closedness and absolute convexity of W yields that E i=1 T$/j — X)iJi 1 ^ x i)fc i s 
convergent to some y G W. From (1.3) we know that X)i=i J/« ^Si^i 1 x i converges to xq. This combined 
with the sequential closedness of the graph of T means that yo = Txq, i.e., xo G T^ 1 (W). Since we have 
proved that T~ 1 (W) = T~ 1 {W) the continuity of the map T follows from Lemma 1.5. □ 

Corollary 1.7. Let Q and (C? 7 ) 7 gr be locally convex topological C-modules such that every C? 7 is a Frechet 
C-module and Q is endowed with the finest locally convex C-linear topology which makes the C-linear maps 
t 7 : Q 1 — ► Q continuous. Let T be a locally convex topological C-module which has a web of type C. If the 
C-linear map T : Q — > T has sequentially closed graph then it is continuous. 

Proof. It suffices to prove that any C-linear map T o t 7 : Q 1 — > T is continuous. This is clear from 
Theorem 1.6 since the graph of T o t 7 is sequentially closed. □ 

A further extension of Theorem 1.6 consists in assuming that Q is a Baire locally convex topological C- 
module. In this context, in order to state the closed graph theorem the hypothesis of sequential closedness 
of the graph is replaced by the stronger assumption of closedness. In the proof of Theorem 1.8 we will 
use the fact that if in a topological C-module the series J2"kLo Xk IS convergent then the corresponding 
sequence Xk tends to 0. 



■5 



Theorem 1.8. Let Q be a Baire locally convex topological C-module and T be a locally convex topological 
C-module which has a web of type C. If the C-linear map T : Q — ► T has a closed graph then it is 
continuous. 



Proof. Let W be a closed absolutely convex neighborhood of in T. Since Q is a Baire locally convex 
topological C-module we may argue as in the proof of Theorem 1.4 and find a sequence of subsets 

M k := T~ 1 ([(e Xk ) £ ]C(m, ...,n k ) n {(e x *- m *) £ ]W), 

where Xk > pk and Xk — m k > 0, such that int(Mfe) ^ 0. This means that there exist z k G Mk and an 
absolutely convex neighborhood Uk of in Q such that Zk + Uk Q Mk- These relations combined with the 
notion of closure of a set imply that there exists a sequence of points Xk G Mk such that Xk + Uk Q Mk- 
Assume now that x G T^ 1 (W). Our aim is to prove that x G T~ 1 (W). We begin by observing that 
there exists y\ G T~ 1 (W) such that x — yi £ U\ and x — yi + x\ G M\. We leave it to the reader 
to verify by induction that we can construct a sequence of points yk G Mk-i, such that for all k > 1, 

x o - Z) i= i yi + Ei^Ti 1 G £4 and 

fc fe 

(1.4) x -^i/ 4 + ^x 4 GA4. 

i=l i=l 

By definition of a web of type C both the series an d Eti are convergent in T. Hence the 

sequence Yli=i Tyi — X^i=i i s convergent. The absolute convexity of W combined with the properties 
Tt/i G W, T Vi G [(e^- 1 "™*- 1 )^ for i > 2, Tx, G [(e A *- mi ) £ ]W for i > 1 entails Ya=i T yi ~Y!l=l Tx * G 
W for all fc. Since VL is closed this means that the sequence X)i=i ^2/* — S»=i converges to some 
yo G VK. We complete the proof by showing that (xo, yo) G Graph(T). Indeed, if this holds the assumption 
of closedness of the graph of T implies yo = T(xq) and xo G T~ 1 (W). Let U, V be neighborhoods of in Q 
and T respectively. By (1.4) it follows that there exists tk G Mk such that xq — X^=i 2/i+X^=i x i~tk G ?/. 
Since the series SfeLi ^*fc an( i Sfcli are convergent we have that Ttk — > and Tx/j — > 0. This 
combined with £\ =1 T Vi ~ Tx i ~* Vo leads to y - £\ =1 T Vi + Z)i=i Tx i _ r *fe °- Hence, 

yo — S»=i ^J/i + S»=i — ^fe e ^ f° r au ^ larger than some k . In conclusion, 

, k k , k k \ \ 

(x ,yo) - f - ^2 x r +tk,T( - ^2 x t + tk) J G {U,V) 

for k > fc , so that (xo,yo) G Graph(T). □ 

We focus now our attention on ultrabornological C-modulcs in order to provide some further extensions 
of Theorem 1.6 and Corollary 1.7. 

We begin by observing that when Q is a locally convex topological C-module and A is a disk, i.e., a 
nonempty, balanced and convex subset of Q, then the C-submodule generated by A is simply Qa '■= 
U n gN[(e _ ™)e]^4- On Qa the function va(u) := sup{6 G R : u G [(e h ) e ]A} is a valuation and Va(u) := 
6 -va(«) j s an ultra-pseudo-seminorm. If A is absorbent then Qa coincides with the whole of Q. 

In coherence with the usual language adopted for locally convex topological vector spaces, we say that 
A C Q is a Banach disk if it is a disk of Q and (Qa^Va) is a Banach C- module. 

Definition 1.9. A subset A of a locally convex topological C-module Q is said to be ultrabornivorous if 
it absorbs any bounded Banach disk of Q. 

A locally convex topological C-module Q is ultrabornological if every absolutely convex and ultrabornivo- 
rous subset of Q is a neighborhood of the origin. 

Every Banach C-module (Q, Q) is ultrabornological. Indeed, taking the absorbent, absolutely convex and 
bounded subset A := {u G Q : Q{u) < 1}, we have that Q = Qa and Va = Q- It follows that if V is 
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an absolutely convex and ultrabornivorous subset of Q then it absorbs Ga, that is Ga C [(e h ) £ ]V for all 
b < a. Hence, [(e~ a ) e ]v4 C V implies that V is a neighborhood of in Q. 

It is possible to characterize the topology of a Hausdorff ultrabornological C-module as the finest locally 
convex C-lincar topology which makes any injection lb ■ Gb G continuous, where B is any bounded 
Banach disk. This is proved in Proposition A. 16 of the appendix at the end of the paper. The appendix 
provides a topological investigation of the class of ultrabornologicaljC-modules and of the wider class of 
bornological C-modules. In particular it proves that every Frechet C-module is ultrabornological. 

It is now clear that Corollary 1.7 applies to a Hausdorff ultrabornological C-module G- 

Proposition 1.10. Let G be a Hausdorff ultrabornological C-module and J 7 be a locally convex topological 
C-module which has a web of type C. If the C-linear map T : G — ► T has sequentially closed graph then 
it is continuous. 



1.2 Webbed C-modules: examples and hereditary properties 

Proposition 1.11. Every sequentially closed C-submodule Ti of a locally convex topological C-module G 
equipped with a web W of type C, has a web V of type C. Moreover, ifW is absolutely convex then V is 
absolutely convex. 

Proof. Let W = {C(n\, nk)}- It is immediate to prove that a web of type C on H is given by 
V := {C(n\, rife) PiH}. Indeed, if (pk)k is the sequence associated to (C(ni, rifc))fe, ^k > Pk and 
Xk G C(ni, ...,rifc) (~1 TL then by the sequentially closedness of TL we have that the series X)fcLi[( eAfc )e] x fc 
is convergent in TL. □ 

The following result is straightforward from the notion of sequential continuity. 

Proposition 1.12. Let G and T be locally convex topological C-modules and T : G — > T be a C- 

linear sequentially continuous map. If W = {C(ni, nk)} is a web of type C on G then T(W) = 
{T(C(ni, nk))} is a web of type C on T(Q). IfW is absolutely convex then T(W) is absolutely convex. 

Proposition 1.13. Let G be a locally convex topological C-module, M a C-submodule of G and W a web 

of type C on G- The quotient G/M equipped with the quotient topology has a web V of type C. Moreover, 
if W is absolutely convex then V is absolutely convex. 

Proof. We recall that as observed in [7, Example 1.12] G/M equipped with the quotient topology is a 
locally convex topological C-module and the C-linear map 7r : G — > G/M : u — > u + M is continuous. 
Hence, by Proposition 1.12 the assertion is clear. □ 

We investigate now the properties, as a webbed C-module, of the dual C(Q, C) of a strict inductive limit 
of locally convex topological C-modules. We begin with the following result on strict inductive limits. 

Proposition 1.14. Let G be the strict inductive limit of the sequence of locally convex topological C- 
modules (G P ) P - If on any G P there exists a web W p of type C then G has a web W of type C. Moreover, 
if every W p is absolutely convex then W is absolutely convex. 

Proof. Given W p = {C p (ni, n^)} we define D(m) := Q ni and D(m, rife) := C ni (n 2 , nk) for 
k > 2. The collection of sets {D(m, nk)} is a web on G- Indeed, by construction it is clear that 
U~ =1 D(ni) = G and D(m, n k -i) = U~ =1 D(m, n k -i, rife). Let (n fe )fe>i be a sequence in N \ 0. 
Consider the web W ni on Q ni and take the sequence (pk)k>2 associated to (nk)k>2 (the choice of p\ is 
arbitrary). When > pk and Xk G D(ni, rife) we have that Xk G C ni (ri2, rife) C G ni - Since W ni 
is a web of type C on G ni w e have that the series J2T=2i( £Xk )^ Xk ^ s convergent in G ni - Hence the series 
Sfcli[(e Afc )e] x fc is convergent in Q. □ 
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We proceed with a lemma and a proposition useful for the proof of Theorem 1.17 concerning the dual 
C{Q,C). 

Lemma 1.15. A web W = {C(ni, ...,rife)} on a locally convex topological C-module Q is of type C if the 
following condition is satisfied: for all sequences (rik)k>i there exists (pk)k>i C R such that the sequence 
{[{e tlk ) e \xk)k>i with Xk G C(ni, ...,nk) is contained in a bounded, absolutely convex and sequentially 
complete subset M of Q. 

Proof. Let (rik)k a sequence of natural numbers and Xk G C(n\, rife). Choosing pk such that pk~Pk > k 
we have that for > pk, 

N N N 

]T[( e A *) £ ]* fc = J2K £X "~ n )M^ k )eW G ^[(e Afc -^) £ ]M C M. 

k=l k=l k=l 

The sequence (J2k=ii( £Xk )^ Xk ) k * s a Cauchy sequence in M. Indeed, the boundedness of M implies 
that for any balanced neighborhood U of in Q there exists a G R such that M C [(e a ) e ]J7 and when 
N + 1 + a > we get that 

N+p N 

]T l(e Xk ) £ }x k - ]T[( e Afc ) e H e [(e N+1 ) £ ]M C l(e N + 1+a ) £ }U C [/. 
fc=i fc=i 

Since M is sequentially complete this means that the series YlkLii( £Xk )e] Xk 1S convergent in M. □ 
Proposition 1.16. Let Q be a topological C-module. 

(i) If A is a neighborhood of in Q then A° := {T G C(Q,C) : Vw G A \Tu\ c < 1} is equicontinuous. 

(ii) If D C £(<?, C) is equicontinuous then it is fib(C(Q ,C),Q) -bounded. 

Proof, (i) Combining the fact that A is a neighborhood of in Q with the definition of A° we have that 
for any rj > on the neighborhood U := [(e a ) e ]A with c~ a < r\ the inequality |T(u)| e < r\ holds for all 
u G U and Tei°. This proves that A° is equicontinuous. 

(ii) Let B be a bounded subset of Q. Then for all neighborhoods U of in Q there exists 6 G R such that 
[(e~ b ) £ ]B C {/. Since I? is equicontinuous there exists a neighborhood U of such that |T(u)| c < 1 for 
all u G U and T E D. This means that for all T G D, 

sup|T( M )| c = e- b |T([(e- 6 ) £ ] U )| c <e- 6 . 

The previous estimate proves that D is a (3b(C(Q, C), £)-bounded subset of the dual C(Q, C). □ 

Theorem 1.17. Let Q be the strict inductive limit of the sequence of metrizable C-modules (Q p ) p . Then 
the dual C(Q, C) endowed with the topology [3b(£(Q, C), (?) has an absolutely convex and closed web of type 
C. 

Proof. Let Uf D Z7f D C/f 3 ... be a countable base of neighborhoods of the origin in We set 

k 

C(n u ...,n k ) : f]il ■ I . 

We begin by proving that for all p G N, £(</,C) = U~ =1 ([/*)". Indeed, if T G £(</,C) then T\g p G 
£(C/ P ,C) and for some neighborhood we have that \T(u)\ c < 1 for all u G E/^. As a consequence 
£(£,C) = U~ =1 C(m) and C(m, n fc _i) = U~ =1 C(m, n fc ). By [7, Proposition 2.4] it follows that 
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W = {C(n\, rife)} is an absolutely convex and closed web on C(G,C). It remains to prove that it 
is of type C. Let (nfe)fc>i be a sequence in N \ and Tk G C(ni, rife). If we show that (Tk)k is 
contained in a bounded, absolutely convex and sequentially complete subset M of £(G, C) endowed with 
the topology f3b(£(G, C), Q) then Lemma 1.15 yields that W is of type C. First we note that for all 
p G N there exists m p > 1 such that (Tk)k>i C (t/^ )°. In fact, for fc > p we have by construction that 

T fe G C(m,...,n fe ) = njU(I^)° C n? =1 (I^)° C (L^ p ) and since £(G,C) = Ufl^Uf)" there exists l p 
such that Tk G {Uf)° for all k < p. Hence, taking m p = m&x{n p ,l p } we get (Tfc)fc>i C n pe N(C^m p )°- 
The set M := n pe N(C^m p )° i s absolutely convex and a(£(G, C), (J)-closed, so [3b(£(G, C), (?)-closed. Since 
the dual C) endowed with the topology of uniform convergence on bounded subsets is complete, we 
conclude that M is complete itself. Let A be the absolutely convex hull of U p6 N^m p - Since it is the set 

of all finite C-linear combinations J27=i ^ iXi w ^ n Xi e ^m; an d max i=i,...,n |Aj| e < 1 one can easily prove 
A is a neighborhood of in Q and that M = A° . By Proposition 1.16 it follows that M is equicontinuous 
and therefore [3b(£(G, C), C/)-bounded. Concluding, M is an absolutely convex, complete and bounded 
subset of (C(Q, C), (3b{£(G, C), 5)) and contains the sequence {Tk)k- □ 

Further hereditary properties, here omitted for the sake of brevity, concern topological products and 
projective limits of locally convex topological C-modules equipped with webs of type C, and are easily 
obtained by adapting the corresponding classical arguments in [5, Ch. 4, Sec. 4] and [18, Ch. 35, Sec. 
4]- 

2 Strict morphisms of C-modules and open mapping theorems 
for locally convex or metrizable topological C-modules 

A first kind of open mapping theorems can be obtained via application of the closed graph theorems 
stated in the previous section. This will require the choice of suitable classes of locally convex topological 
C-modules as webbed and ultrabornological C-modules. 

Theorem 2.1. Let G be a locally convex topological C-module G with a web of type C and T be a Hausdorff 
ultrabornological C-module. Ij ~T : G — * T is a C-linear, surjective and continuous map then it is open. 

Proof. By Proposition 1.13 we know that 5/kerT has a web of type C. Since T is continuous and C//kerT 
is endowed with the quotient topology, the C-linear map T : G /kcr T — > T : w+kcr T — > T(u) is continuous 
and then T has a sequentially closed graph. By applying Proposition 1.10 to T we conclude that 
T is continuous. Then for all open subsets A of G the image T(A + kerT) = T(A) is an open subset 
of J 7 , which means that the map T is open. □ 

An interesting extension of the previous theorem consists in replacing the assumption of continuity of T 
with the assumption of having a sequentially closed graph. A map which has sequentially closed graph 
is said to be sequentially closed. 

Theorem 2.2. Let G be a locally convex topological C-module with a web of type C and T be a Frechet 
C-module. Let T be a C-linear map defined on a C-submodule D of G such that T(D) is not meager. Lf 
Graph(T) is sequentially closed in G x T then T(D) = T and T is open. 

Proof. Let W = {C(m, ...,n k )} be a web of type C on Q. Since T(D) = (J+^j T(C(m) H D) we find 
rii such that int(T(C(ni) nD)) ^ 0. Recursively we can define a sequence n\,n,2, ■■■ such that the set 
T{C(n\, nfe) fl D) is not meager in T . Let V be an absolutely convex and closed neighborhood of the 
origin in G- Then for all k there exists mk G N such that T(C(ni, rife) ODD [(e~ mk ) £ ]V) is not rare. 
By definition of a web of type C we have a sequence of real numbers pk such that for all > pk and for 
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all Xk £ C(ni, ...,nfe) the series ^2 k [{£ Xk )e] x k is convergent. Let us fix > pk such that Afe — > 
for all k and define 

M fc := [(e A ») e ](C(ni,...,n fc )n£)n[(e- m *) c ]^). 

By construction T(Mfc) is not rare in JF. Let J7fc be a decreasing sequence of neighborhoods of the origin 
in T ' . Since T(Mk) is not rare we find x k £ Mj~ and an absolutely convex neig hborhood t/W C U k of 
the o rigin such that Tx k + f/W C T(M fe ). Moreover, since T(D) = U^° =1 [(e"") e ]T(D n V) is not meager 
then T(D n V) contains a neighborhood of the origin in T. 

Let now yo be a point of T(D n V). Then there exists zi G DflF such that y§—Tz\ £ U^h Consequently, 
y — Tz\ + Tx\ £ T(Mi). By induction we find, for every i > 2, an element Z{ in Mj_i such that 

k fc-1 

y -J2 Tz * + J2 Tx * e U(k) ^ Uk 
1 l 

and 

fe fe 
y - ^ Tz 4 + ^ T Xl £ Tp4) , 
l l 

for all fc > 1. Clearly ( J^i Tzi — Txi) k converges to y in T . Since Zi £ [(e Ai_1 ) £ ]C(ni, n,_i) 

for z > 2, the sequence z i)fe i s convergent. Analogously the sequence 1 Xi)k is convergent in 

Q. It follows that Zi — Xi £ D converges in Q to some point x £ V. Using the fact that the 

graph of T is sequentially closed in Q x T we conclude that xq £ D and Txq = yo. This means that 
yo £ T(D n V) and therefore T(_D PI V) = T(D (1 V) is a neighborhood of the origin in T. It is immediate 
to deduce that T(D) = T and that the map T is open. □ 

Theorem 2.3. Let Q be a locally convex topological C-module with a web of type C and T be a Hausdorff 
ultrabornological C-module. A sequentially closed C-linear map T of Q onto T is open. 

Proof. Let B be a bounded Banach disk of T. We denote the restriction of T to T~ 1 (J : b) by Tb ■ 
T~ 1 {J-b) — ► J~b ■ Fb is a Banach C- module, T~ 1 {J-b) is a C-submodulc of Q whose image is not meager 
and Tb has a sequentially closed graph. Hence, by Theorem 2.2 we conclude that Tb is an open map. Let 
V be an absolutely convex neighborhood of the origin in Q. Since Vb ■= V fl T~ 1 (J 7 b) is a neighborhood 
of the origin in T~ 1 (J 7 b) we obtain that Ub Q Tb(Vb) where Ub is a neighborhood of in Tb- Finally, 
the fact that V is absolutely convex and Tb(Vb) Q T(V) implies that T(V) contains the absolutely 
convex hull W of UbUb- But by Proposition A.16(m) W is a neighborhood of in J 7 and therefore T(V) 
is a neighborhood of in T. □ 

We now consider the wider family of topological C-modulcs. Our aim is providing (cf. Theorem 2.9) 
an open mapping theorem valid for topological C-modulcs which are not necessarily locally convex but 
metrizable. Inspired by [17] we introduce the following definitions. 

Definition 2.4. A bijective continuous C-linear map T from a topological C-module Q onto a topological 
C-module T is called an isomorphism if the inverse map T _1 is continuous. An injective continuous 
C-linear map T : Q — > T is a strict morphism if it is an isomorphism from Q onto T(Q). 

Definition 2.5. A continuous C-linear map T from a topological C-module Q into a topological C-module 
T is a strict morphism if the associated injection T : (?/Ker(T) — > T is a strict morphism. 

Proposition 2.6. If T is a continuous C-linear map from a topological C-module Q into a topological 
C-module T then the following conditions are equivalent: 

(i) T is a strict morphism; 

(ii) T maps every neighborhood of in Q onto a neighborhood of in T{Q); 
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(in) T maps every open set of Q onto an open set ofT{Q). 

We omit the proof of Proposition 2.6 since it follows the lines of argument of the analogous result valid in 
the topological vector space context. The proof of the open mapping theorem 2.9 requires two preliminary 
lemmas. 

Lemma 2.7. Let Q and T be two topological C-modules and let T : Q — > T be a continuous surjective 
C-linear map. If J 7 is a Baire C-module, then for every neighborhood U of in Q the set T(U) is a 
neighborhood of in T . 

Proof. Proposition 1.3 in [7] allows to find a balanced and absorbent neighborhood V of such that 
V + V C U. It follows that we can write Q as U neN [{e- n ) e ]V and T = T(Q) = U neN [( e- n ) £ ]T(V). T 
is a Baire space. Therefore, there exists n £ N such that [(e~ n ) e ]T(V) = [(e~ n ) e }T(V) has non empty 
interior. Since T(V) as well as its closure are balanced subsets of T we conclude that belongs to the 
interior of T(V) + T(V). The continuity of th e addi tio n in T yields T(V) + T(V) C T(V)+T(V). But 
T(V) + T( V) = T(V + V) C T(U) and henc e T(V) + T(V) C T(U). This means that belongs to the 
interior of T{U) or in other words that T(U) is a neighborhood of in J 7 . □ 

The following lemma is reported in [17, Chapter 3, Section 17, Lemma 2]. 

Lemma 2.8. Let Q and T be two metric spaces and assume that Q is complete. Suppose that T is a 
continuous map from Q into T which has the following property: for every r > there exists p > such 
that for all u G Q the image T(B r (u)) of the set 

B r (u) := {v e Q : dg(u,v)<r} 

is dense in the ball 

B p {T(u)) :={weT: d^{w, T(u)) < p}. 
Then for every a > r the set T(B a (uj) contains B p (T(uj). 

Theorem 2.9. Let Q and T be two metrizable complete topological <C-modules and T a continuous 
surjective C-linear map from Q onto T . Then T is a strict morphism. 



Proof. Q and T are both Baire C-modules. Then Lemma 2.7 implies that T(B r (0)) is a neighborhood of 
in T. Hence there exists p > such that B p (0) C T(B r (0)), i.e., T(B r (0)) is dense in B p (0) C T. Since 
we can assume that the distances on Q and T are invariant under translation (the proof of this fact is 
totally analogous to [17, Ch. 2, Sec 6, Th. 1]) we obtain that B p (T(u)) C T(B r (0)) + T(u) = T(B r (u)). 
This means that for every u £ Q the set T(B r (u)) is dense in B p (T(u)). By Lemma 2.8 we conclude 
that B p (T(u)) C T{B a {u)) for all a > r. In particular B p (0) C T(B a (0)) and therefore T(B a (0)) is a 
neighborhood of in T. Since r is arbitrary we have that the second assertion of Proposition 2.6 is 
satisfied or equivalently that T is a strict morphism. □ 

Theorem 2.9 yields the following version of the closed graph theorem. 

Theorem 2.10. Let Q and T be two metrizable complete topological C-modules and T : Q — > T a C-linear 
map whose graph is closed in Q x T . Then T is continuous. 

Proof. We begin by recalling that the product of two metrizable complete topological C-modules is 
complete when endowed with the product topology. By assumption Graph(T) is a closed C-submodulc 
of Q x T and so it is metrizable and complete. The projection tt± : Graph(T) — > Q : (u,T(u)) — > u is 
bijective, C-linear and continuous and therefore by Theorem 2.9 its inverse is continuous. If 7r 2 is the 
projection of Graph(T) into T we conclude that T = n 2 o 7rf 1 is continuous. □ 

Corollary 2.11. Let Q and T be two metrizable complete topological C-modules and T : Q — > T a C- 
linear map fulfilling the following property: for every sequence of points (u n ) n tending to in Q and for 
which (Tu n ) n tends to some v £ T , one has necessarily v = 0. Then T is continuous. 
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Proof. Suppose that (u, w) adheres to the graph of T. Then there exists a sequence of points (u n ) n such 
that u n — > u and Tu n — ► to. But then u n — u — > and T(u n — u) — > w — T(u). By our assumption it 
follows that u> = T{u). This means that Graph(T) is closed and thus by Theorem 2.10 the map T is 
continuous. □ 



3 Strings and C-linear topologies without convexity conditions 

At the end of Section 2 we have proved a version of the closed graph theorem which holds for topological 
C-modules which are not necessarily locally convex but metrizable. In this section it is our intention to 
provide closed graph and open mapping theorems for a larger class of topological C-modules. For such a 
purpose we elaborate a suitable adaptation of the theory of strings for topological vector spaces (see [1]) 
to the setting of topological C-modules. 

3.1 Strings: definition and basic properties 

Definition 3.1. Let Q be a C-module. A sequence U — (U n ) n efi\o °f subsets of Q is a string in Q if 

(i) every U n is balanced, 

(ii) every U n is absorbent, 

(Hi) U n+ i + U n+ i C U n for all n, 
(iv) [(e~ n ) £ ]U n+p C Up for all n,p. 

U\ is called the beginning of the string U while U n is the n-th knot of U. IfU= (U n ) n and V = (V n ) n 
are strings in Q and A G C we define XU := (XU n ) n , the sum U + V := (U n + V n ) n and the intersection 
U n V := (U n n V n ) n . When A is invertible these are all strings of subsets of Q. 

Given a string U the set N{U) := C\ n U n is called the kernel of U. N(U) is a C-submodule of Q. The 
additivity follows from (Hi). Assume now that u e N(U) and take A G C with v(A) < (the fact that 
u G N(U) implies Xu G N(U) is clear when v(A) > 0). Let us choose n G N such that v(A) + n > 0. For 
this n let us fix p G N such that p — n > 1. Combining (i) with (iv) we obtain that if u G N(IA) then 

\u = [(e + ^) e ][(e-^) £ ]\u G [(e +v(A) ) £ ]C/ p C [(s +v ^ +n )e}[(e- n )e}U P C [(e- n ) e ]U p C C/ p _„ 

Varying p we conclude that Xu G N(U). 

Finally for U = (U n ) n and V = (V n ) n we use the notation WCV when U n C V n for all indices n. 

Definition 3.2. Let Q be a topological C-module. A string U in Q is said to be topological if every knot 
is a neighborhood of the origin in Q. 

Remark 3.3. Every neighborhood of the origin U in a topological C-modules Q generates a topological 
string. We begin by taking a balanced and absorbent neighborhood U\ of which is contained in U. 
Since the assumption (iv) in Definition 3.1 is equivalent to require that U n +i Q [(e) e ]U n for all n, by 
iteration we can choose a sequence of balanced neighborhoods U n of the origin such that U n +i Q [(e) £ ]U n 
and U n +\ + U n +\ C U n . This gives a topological string (U n ) n in Q. 

Proposition 3.4. Let Q be a topological C-module. Then there exists a set S of strings in Q such that: 

(i) ifU G S and V G S then there exists W G S such that W CUnV, 

(ii) the knots of the strings in S form a base of neighborhoods of in Q. 
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Moreover, the topology on Q is Hausdorff if and only if C\uesN(U) = {0}. 

Proof. Let B be a base of neighborhoods of the origin in Q. By Remark 3.3 for each B E B we can 
construct a topological string (UB,n)n with Ub,i C _B. Let S be the set of all finite intersections of 
strings constructed in this way. Clearly, properties (i) and (ii) are fulfilled. The final assertion is a simple 
reformulation of the separatedness of Q. □ 

It is clear that the set of all topological strings of a topological C-module Q satisfies the conditions (i) 
and (ii) of Proposition 3.4. 

Proposition 3.5. Let S be a set of strings in a C-module Q such that the following condition is fulfilled: 
for allU E S and V E S there exists W e5 such that WCtfnV. 

Then the knots of the strings in S form a base of neighborhoods of the origin for a C-linear topology ts 
on Q. Furthermore, if ' C\uesN(U) = {0} then ts is Hausdorff. 



Proof. Let B be the set of all the knots of the strings in S. We define a topology t$ on Q by claiming 
that U(x) is a neighborhood of x E Q if and only if there exists U E B such that x + U C U(x). We 
want to prove that ts is C-linear and that the knots of the strings of S form a base of neighborhoods 
of the origin. The addition + : Q x Q — > Q is continuous with respect to the topology ts- Indeed, let 
W(u + v ) be a neighborhood of Uo + v E Q. Then, there exists a knot W no of a certain string (W n ) n 
of S such that uq + vq + W na C W(uq + vq). By the third defining property of a string we have that 
Wo + Wno+i + v o + Wno+i ^= ^( M o + «o) where wo + W^no+i and vq + W„ +i are neighborhoods of uo and 
respectively. We now want to prove that the scalar product between generalized numbers and elements 
of Q is continuous. Let Ao E C, uq E Q and U(\qUq) be a neighborhood of Aoito- By definition of ts there 
exists a knot U n „ of a certain string (U n ) n E S such that XqUq + U n „ C J7(AoMo)- Let us write Au — AqUo 
as X(u — uo) + (A — A )mo- Since the knots of a string are absorbent subsets there exists b E M such 
that uo E [(s b ) £ ]U na +i and assuming that v(A — Ao) > —b we have that (A — Ao)«o G U no +i. It follows 
that v(A) > min{— 6, v(Ao)}. Let n E N such that min{— b, v(Ao)} > —n. Taking u — uq E U nQ +i+ n by 
property (iv) in Definition 3.1 we conclude that if v(A — A ) > — b then X(u — u ) E U no+ \. Therefore, 
Xu - XqUq E U no+1 + U na+1 C U no when v(A - A ) > -b and u E u a + U no+1+n with min{-fe, v(A )} > 
-n. □ 



A set S of strings in Q with the property (i) of Proposition 3.4 is called directed. A directed set of strings 
S in a topological C-module (Q, r) such that ts = t is called fundamental. 

Since the set of all strings in a C-module Q is directed from the previous proposition we have that it 
generates a C-linear topology on Q. By Proposition 3.4 this is the finest C-linear topology on Q. 

Every absolutely convex and absorbent subset U of a C-module Q gives a string Uu = (U n ) n with 
U n = [(e n ) e ]U. 'indeed, U n+1 + U n+1 = [(e n+1 ) £ ](U + U)C (e n ) e ]U = U n and U n+1 = \(e) e ]U n . U v is 
called the natural string of U. 

Proposition 3.6. Let S c be the set of the natural strings of all the absorbent and absolutely convex 
subsets of Q . Then, t c :— Ts a is a locally convex C-linear topology on Q. 

Proof. Since the set S c is directed, by Proposition 3.5 we have that t c is a C-linear topology with a base 
of absorbent and absolutely convex neighborhoods of the origin. Hence it is a locally convex C-linear 
topology. □ 

r c is the finest locally convex C-linear topology on Q and by construction r c is coarser than . 
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3.2 Barrelled topological C-modules 

In the sequel we denote the categories of topological C-modules and locally convex topological C-modulcs 
by C and C respectively. In addition, we say that a string in a topological C-module Q is closed if every 
knot is closed. 

Definition 3.7. A topological C-module Q is C-barrelled if every closed string in Q is topological. 

Note that a notion of barrellcdness (or more precisely C-barrcllcdncss) already exists within the category of 
locally convex topological C-modules and it is given by Definition 2.12 in [7]. A locally convex topological 
C-module Q which is ^-barrelled is also C-barrelled. Indeed, if U is a barrel of Q, i.e. it is an absolutely 
convex, absorbent and closed subset of Q, then the string Ujj is natural and closed and consequently by 
Definition 3.7 every knot of Ujj is a neighborhood of the origin. This means that U is a neighborhood 
of the origin in Q. Since we only deal with £-barrelledness without comparison with C-barrelledness we 
allow ourselves to omit the prefix C in this paper. 

Proposition 3.8. Every Baire topological C-module is barrelled. 

Proof. Let U = (U n ) n be a closed string. For fixed n we have that Q = UkeT>i[{£~ k )s]U n +i- Since Q is 
a Baire space it follows that U n +i has an interior point, i.e. there exists u e Q and an open balanced 
neighborhood V of such that u + V C [/ n +i. By the third property characterizing the knots of a string 
we obtain that u + V — u + V C U n+ i + U n+ \ C U n and therefore U n is a neighborhood of in Q. □ 

Since every Frechet C-module is a Baire C-module we have from the previous proposition that every 
Frechet C-modulc is barrelled. 

Proposition 3.9. The quotient of a barrelled C-module Q with respect to a C-submodule M is a barrelled 
C-module when endowed with the quotient topology. 

Proof. We denote the original topology on Q and the quotient topology on Q/M by r and r respectively. 
7r : C? — > Q/M is the canonical projection of Q onto Q/M. It is clear that (Q/M,t) is a topological 
C-modulc. Let U = (U n ) n be a closed string in (Q/M,f). Then, 7r _1 (W) := (ft~ 1 (U n )) n is a string in 
Q and by definition of the quotient topology each 7r _1 (J7 Tl ) is closed. Since Q is barrelled it follows that 
7r _1 (C^n) is a neighborhood of in Q and therefore U is a topological string in the quotient Q/M. □ 

Definition 3.10. Let Sb the set of all closed strings in a topological C-module Q. We call strong topology 
on Q the topology r b = T$ b generated by Sb- 

If t is the original C-linear topology on Q then r -< r b , where -< stands for "coarser than". This is 
due to the fact that in a topological C-module every neighborhood of contains a closed and balanced 
neighborhood of 0. 

Proposition 3.11. Let Q be a topological C-module endowed with the topology r. The following conditions 
are equivalent: 

(i) Q is barrelled. 

(ii) t = t' } . 

(Hi) Every C-linear topology t' on Q which has a base of t -closed neighborhoods of the origin is coarser 
than t. 

Proof, (i) =>• (ii) We already know that r -< r b . Let U be a neighborhood of for r b . Then there exists a 
closed string (U n ) n such that U n C U for some n. Since Q is barrelled we have that U n is a neighborhood 
of for the topology r and hence the same property holds for U. 
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(ii) => (i) Let U = (U n ) n be a closed string in (Q,t). Every U n is a neighborhood of with respect to 
r b and by (ii) it follows that every U n is a neighborhood of for the topology r. This means that Q is 
barrelled. 

(ii) => (Hi) Let U be a neighborhood of the origin for the topology r'. By definition there exists a r-closed 
neighborhood V of such that V C U. Since V generates a closed topological string it follows that U is 
a neighborhood of with respect to r b . By (ii) we can now conclude that U is a neighborhood of for 
r and therefore t' <t. 

(Hi) => (m) Since r b is a C-lincar topology which has a base of r-closed neighborhoods of the origin the 
assertion (Hi) yields r b -< r. Thus, r b = r. □ 

Proposition 3.12. Lef (<?,ti) and (J-,t 2 ) be topological C-modules. If the C-linear map T : (Q,ti) — > 
(J-,T2) is continuous then T : (Q,T b ) — > (J 7 ,^) is continuous. 

Proof. The continuity and the C-linearity of T yield that if W = (U n ) n is a closed string in J 7 then 
T _1 (W) = (T _1 J7„)„ is a closed string in Q. Let now £/ be a neighborhood of in (J 7 , t^). By definition of 
t\ there exists a closed string U = (U n ) n and some n € N such that C/„ C [/. Hence, T _1 (£/„) C T _1 (J7). 
From the considerations above we have that T _1 (C7) is a neighborhood of with respect to t\. □ 

We now investigate the barrelledncss properties of inductive limits of topological C-modules. First of all 
we recall that given a family (Gi,T~i)iei of topological C-modules and a family of C-linear maps fi : Qi — ► Q, 
where Q is the C-span of the images fi(Qi), we say that Q is the inductive limit of the C-modules (Gi)iei 
if it is endowed with the finest C-linear topology which makes every map fi continuous. One can easily 
prove that the set of strings 

>5i.i. := {U : Wis a string in Q and is a topological string in Qi for all i) 

is directed and that the inductive limit topology on Q coincides with ts, j . 
When the C-modules Qi arc barrelled the following hereditary property holds. 

Proposition 3.13. The inductive limit Q of a family of barrelled C-modules (Qi,Ti, fiji^i is barrelled. 

Proof. Let U be a closed string in Q. Then f~ x (ll) is a closed string in Qi and since every Qi is barrelled 
f~~ (U) C Qi is a topological string for all i G /. This means that U € Su. and therefore W is a topological 
string for the inductive limit topology on Q. □ 

A topological C-modulc (Q, t) endowed with the finest topology is barrelled. Indeed, -< (W) b and 
by definition of the finest topology (r 6 )^ ~< W. Proposition 3.11 yields that (Q,t^) is barrelled. We 
can now look for the coarsest barrelled C-linear topology whichjs finer then r. This is obtained as the 
inductive limit topology determined by the family of barrelled C-linear topologies finer then r. By the 
previous proposition this topology is itself barrelled. 

Definition 3.14. We call the coarsest barrelled C-linear topology on (Q,t) which is finer than r the 
associated barrelled topology. It is denoted by r*. 

Proposition 3.15. Let (Q,T\) and (J~,t 2 ) be topological C-modules. If the C-linear map T : (Q,T\) — > 
(J 7 , T2) is continuous then T : (Q,t\) — > (J 7 , r|) is continuous. 

Proof. We take the finest C-linear topology on T such that the map T : (Q, t{) — > is continuous and 
denote this topology by t'. Proposition 3.12 entails the continuity of the map T : (Q, (r') h ) — > (JF, (r') b ), 
where (rf) 6 = rf. As a consequence (T') b -< t' and by Proposition 3.11 we conclude that (J 7 , t') is 
barrelled. It is clear that the map T : (Q,t[) — > (JF, t 2 ) is continuous and therefore T2 -< r'. This yields 
t| -< t' and the continuity of T : (Q, t[) — ► (J 7 , r|) as a straightforward consequence. □ 
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3.3 Barrelled topological C-modules and the closed graph theorem 

This subsection is devoted to prove a version of the closed graph theorem for barrelled C-modules. We 
recall that the adjective closed, when referring to a map, means that the corresponding graph is closed. 

Theorem 3.16. Every closed C-linear map from a barrelled C-module (G,t\) to a Frechet C-module 
(J 7 , t 2 ) is continuous. 

The proof of Theorem 3.16 requires some preliminary results. 

Proposition 3.17. Let (G,t\) be a topological 'C-module and (!F,T2) a Hausdorff topological C-module. 
IfT : (G,T\) — ► (J 7 , T2) is a C-linear continuous map then its graph is closed with respect to the product 
topology on Q x T . 

Proof. Assume that (u,v) Graph(T), which means that v ^ T(u). Then there exist neighborhoods V 
and U of v and T(u) respectively such that V fl U = 0. Since the map T is continuous T _1 (C7) x V is a 
neighborhood of (u, v) in the product topology on^xf and by construction (T _1 (C7) x V) DGraph(T) = 
0. □ 

Lemma 3.18. Let (Q, n) and (J 7 , t 2 ) be topological C-modules where T2 is a Hausdorff C-linear topology. 
The following assertions are equivalent: 

(i) the C-linear map T : (G, n) — > (.T 7 , T2) is closed; 

(ii) there exists a Hausdorff C-linear topology t 3 on T with t 3 -< T2 such that T : (G,T\) — > (J 7 , T3) is 
continuous; 

(Hi) the strings T(U) + V, where U is any topological string in (Q, T\) and V is any topological string in 
{T,T2), generate a Hausdorff C-linear topology on T . 

Proof, (ii) => (i) Since T : (Q,t\) — > (J 7 , r 3 ) is continuous we have by Proposition 3.17 that Graph(T) is 
closed in (G,t\) x (J 7 , t 3 ). The product topology of (Q,ti) x (J 7 ,t 2 ) is finer than n x r 3 and therefore 
the graph of T is closed in (Q, n) x (J 7 , r 2 ). 

(i) => (Hi) Assume that Graph(T) is closed with respect to the product topology on (Q, n) x (J 7 , T2). Then 
C]uyT(U) + V = {0} where U and V vary in the families of neighborhoods of in Q and J 7 , respectively. 
Indeed, if y ^ then (0, y) $ Graph(T) and there exist some balanced neighborhoods U and V of in Q 
and J 7 respectively such that ((0,y) + (U,V)) n Graph(T) = 0. It follows that y T(U) + V and that 
the topology generated by the strings T(U) + V is Hausdorff. 

(Hi) => (ii) We denote the topology generated by the the strings T(U) + V by t 3 . By hypothesis it is 
Hausdorff. Moreover r 3 is coarser than T2 and makes the map T : (G, n) — > (J 7 , r 3 ) continuous. □ 

Proposition 3.19. On a Frechet C-module there exists no coarser Hausdorff barrelled C-linear topology. 

Proof. We denote the original topology on a Frechet C-module Q by To and we assume that there exists 
t -< t Hausdorff and barrelled. Let (U n ) n be a closed string in (G,t ) whose knots form a base of 
neighborhoods of the origin for the topology To- We want to prove that this string is T-topological. This 
will imply that To -< t. 

Let us consider u G U n+ i T . Hence (u + U n+ 2 T ) n U n +\ ^ 0, i.e. there exist u\ G U n+ \ such that 
u — u\ G U n+ 2 ■ This is due to the fact that (U n ) n is a topological string since r is a barrelled C-lincar 
topology. In the same way we find u 2 G U n +2 such that u — u\ — U2 G ?7 rl + 3 and by iteration a sequence 
of elements Uj G U n+ j such that u — J2k=i Uk e U n +i+j ■ The Cauchy sequence (X^fe=i u k) converges 
to some y with respect to the topology To and since 

3 3 

^2 U k G ^ U n+k C U n , 
k=l fe=l 
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where U n is To-closed, we conclude that y G U n . Clearly ( Ylk=i Uk ) V ^ U n in the coarser topology r. 

Finally from u — Y^k=i Uk ^ ^n+i+j T f° r all j wc obtain that u — y G CXfLi Uj T ■ But DjLi T = {0}- 
Indeed, if z ^ then there exists a neighborhood V of for the topology r such that z + V C\V = 0. 
Hence (z + V) n C/j = for some j and therefore z £ Uj . We have proved that u = y E U n or in other 
words that U n+ \ C [/„. It follows that J7„ is a neighborhood of for the topology r. □ 

Proof o/ Theorem 3.16. Since the map T : (Q,t\) — ► (.T 7 , t 2 ) is closed, by Lemma 3.18(n) there exists a 
Hausdorff topology T3 -< T2 such that the C-linear map T : (Q, ti) — > (J 7 , T3) is continuous. Proposition 
3.15 yields the continuity of T : (Q, r*) — > (J? 7 , t|). Since r| -< r| and t\ — r 2 we have that r| is a Hausdorff 
barrelled C-linear topology coarser than t-i. By Proposition 3.19 we can conclude that r\ = r 2 . Finally, 
from the fact that (^, n) is barrelled and therefore t{ — n we obtain that the map T is continuous from 
(£,Ti) to (JF,t 2 ). □ 

We now try to find a larger class of topological C-modules (J 7 , r 2 ) for which Theorem 3.16 can be stated. 

Let T be a closed C-linear map from a barrelled topological C- module (Q, n) to a Hausdorff topological 
C-modulc (J 7 , t 2 ). By Lemma 3.18(m) there exists a Hausdorff C-linear topology T3 -< r 2 on such that 
the map T : (<?,ti) — > [T , t 3 ) is continuous. Then by Proposition 3.15 the map T is continuous from 
(0, t[) to (JT, T3). Since r* = n we are able to conclude that the map T : (Q, n) — ► (J 7 , r 2 ) is continuous 
if we know that r 2 -< r|. This motivates the following definition. 

Definition 3.20. A Hausdorff topological C-module [T , To) is called an infra-s C-module if for every 
coarser Hausdorff C-linear topology r on T we have that t -< r* or equivalently r* — Tq. 

It is immediate to extend Theorem 3.16 as follows. 

Theorem 3.21. Every closed C-linear map from a barrelled C-module (Q, ri) to an infra-s C-module 
(J 7 , t 2 ) is continuous. 

Example 3.22. 

(i) A first example of infra-s C-modules is given by Frcchct C-modules. Indeed, if {J 7 , To) is a Frechet C- 
module and r is a coarser Hausdorff C-linear topology then r* is a Hausdorff barrelled C-linear topology 
on T which is coarser than Tq = t . Hence by Proposition 3.19 r* = t . 

(ii) Let (J 7 , r ) be a Frcchct C-module such that the weak topology g{T , C{T, C)) is Hausdorff. Since 
a < r , cr* is a Hausdorff barrelled topology coarser than t and then by Proposition 3.19 it coincides 
with To- Let now r be a Hausdorff C-linear topology coarser than a. It follows that r* -< cr*_= t and 
therefore r* = r by Proposition 3.19 again. Finally, -< t = r* yields that (J 7 , a) is an infra-s C-module. 

The statement of Theorem 3.21 provides a characterization of infra-s C-modules as we will see in the 
sequel. 

Proposition 3.23. Let (J 7 , r 2 ) be a Hausdorff topological C-module with the property that every closed 
C-linear map from a barrelled C-module (Q,t\) to (J 7 , r 2 ) is continuous. Then (J 7 , r 2 ) in an infra-s 
C-module. 

Proof. Let t be a Hausdorff C-linear topology on J 7 coarser than r 2 . The identity map I from (J 7 , t) 
onto (J 7 , t 2 ) is closed. Since t ~< T f , I remains closed as a map from (J 7 , r*) onto (.F, r 2 ). (J 7 , r*) is a 
barrelled C-modulc, then by hypothesis I : (J 7 , r*) — > (J 7 , r 2 ) is continuous. It follows that t 2 is coarser 
than r* and therefore (J 7 , r 2 ) is an infra-s C-module. □ 

Remark 3.24. 
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(i) The proof of the previous proposition shows that a Hausdorff topological C-module (J 7 , r 2 ) is an infra-s 
C-module if and only if every closed C-linear bijection from a barrelled C-module (Q, n) onto (J 7 , r 2 ) is 
continuous. 

(ii) The previous characterization as well as the statement of Proposition 3.23 hold under the assumption 
that (Q,ti) is Hausdorff and barrelled. 

As already seen in Section 2 in the case of locally convex topological C-modules appropriate versions of 
the open mapping theorem can be obtained via application of the closed graph theorem. 

3.4 Barrelled topological C-modules and the open mapping theorem 

For the sequel of the paper it will be useful to recall the following result concerning quotients of topological 
C-modules. 

Proposition 3.25. Let Q be a complete metrizable topological C-modules and M a closed C-submodule 
of Q. Then QjM equipped with the quotient topology is complete. 

We omit the proof of Proposition 3.25 since it makes use of the arguments employed in proving the 
analogous statement for topological vector spaces in [17, Th. 2, Ch. 2, Sec. 9]. Combining this result 
with Remark 1.4 and Example 1.12 in [7] we have that the quotient of a Frechet C-module with respect 
to a closed C-submodule is a Frechet C-module when equipped with the quotient topology. 

Theorem 3.26^ Let Q be a Frechet C-module and T a Hausdorff barrelled topological C-module. If 
T : Q — > T is a C-linear, surjective and continuous map then it is open. 

Proof. As observed above the quotient Q/ker T has the topological structure of a Frechet C-module. Since 
T is continuous by definition of the quotient topology the C-linear map T : Q /ker T — > T : u + kcr T — ► 
T(u) is continuous and then T has a closed graph. This is obtained by applying Proposition 3.17 to 
T and to the fact that Graph(T ) = {(v,u) : (u,v) G Graph(T)}. T is a closed C-linear map from 
a Hausdorff barrelled C-module to a Frechet C-module and therefore by Theorem 3.16 it is continuous. 
This allows to conclude that the map T is open. □ 

In order to extend the validity of Theorem 3.26 to a larger class of topological C-modules (Q,Ti) we 
continue the investigation of the properties of strict morphisms started in Section 2. 

Proposition 3.27. Let T be a continuous C-linear map from a topological C-module Q into a topological 
C-module T . Let Vo be the set of all the neighborhoods of in T . If T is a strict morphism then 

p| T-^V) =Ker(T). 
veVo 

Proof. Let Uq be the set of all neighborhoods of in Q. By Proposition 2.6 we know that if T is a 
strict morphism and U € Uq then T(U) is a neigh borhood of the o rigin in T( Q) with r espect to the 
topology induced by T. It is obvious that Kcr(T) C rVgVo^ -1 ^) since ny e vo^ _1 (^) i s closed and 
Ker(T) C T -1 (V) for all V. Conversely, 

P| T- 1 {V)= p| T-\V) + UC f] T- 1 (T(U)) + U= f] ([/ + Ker(T) + [/) =Kcr(T). 

vev ueUa^veVo ueu ueu 

□ 
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Definition 3.28. Let T be a C-linear map between the topological C-modules (Q, t{) and (J 7 , r 2 ). We set 

K(T) := p| T~ l (V) and S(T) := f] T{U). 

veVo ueu 

The set S(T) is called singularity ofT. IfK(T) = Kcr(T) then T is called weakly singular. 

By Proposition 3.27 we know that every strict morphism between topological C-modulcs is weakly sin- 
gular. 

Proposition 3.29. S(T) is a closed C-submodule of J 7 . Moreover, S(T) = {v G T : (0, v) G Graph(T)}. 

Proof. Let U G Wo and W G U . We take U' and W in U such that U' + U' C U and W + W C If 
«i,«2 G S(T) then («i+W)nT(C^') ^ and (u 2 +W')nT(U') + 0. It follows that (ui+u 2 +W")nT(l7) ^ 
0. Since the choice of the neighborhoods {/ and VF was arbitrary we obtain that u\ + u 2 G S(T). 

Let it G S(T) and A G C. By the continuity of the scalar multiplication map Q — > : w — > Aw we know 
that for all [7, W G W we can find [/', W G W such that XU' C [/ and AVF' C W. From the definition 
of the set S(T) we have that (u + W) n T(f/') ^ and therefore (Am + W) n T(C7) ^ 0. This means that 
Au G S(T). 

The fact that S(T) is closed in J 7 is clear since it is the intersection of a family of closed subsets of T. 
We finally prove that if v G S(T) then (0,v) adheres to the graph of T. For any U £ Uo and for any 
balanced neighborhood V of in T we find tt G U and w' G V such that v + v' — T(u). In o ther words, 
-v + T(u) G V. Hence, ((0, v) + (t/, V)) n Graph(T) ^ 0. Conversely, if (0, i>) G Graph(T) then for all 
U G U and V G V we have ((0, v) + (U, V)) n Graph(T) ^ 0. It follows that (v + V) n T(£7) ^ and 
then w G S(T). □ 

Remark 3.30. Note that (u,v) G Graph(T) if and only if (0,v - T(u)) G Graph(T). Indeed, we have 
that 

(u,v) G Graph(T) (0,w) G Graph(T(- + uj) & (0,v) G Graph(T) + (0,T(u)). 

It follows that the graph of T is closed if and only if S(T) = {0}. 

Proposition 3.31. Let (Q, n) &e a topological C-module and (.T 7 , T2) a Hausdorff topological C-module. 
Every closed C-linear map T : Q — > J 7 /ias Ker(T) = K(T) and f/iws is weakly singular. 

Proof. By Lemma 3.18(m) we know that, since the map T : (<?, n) — ► (.T 7 , T2) is closed, the strings 
T(W) + V, where U is any topological string in (Q, n) and V is any topological string in (J 7 , T2), generate 
a Hausdorff C-lincar topology on T. Hence, 

p| T(U) + V = {0}. 
ueUo,vev 

We can now write 

Ker(T) = T-\n uy {T(U) + V)) = C\ uy T-\T(U) + V) = n UiV U + T~\V) = K(T). 
It follows that Ker(T) is closed and coincides with K(T). 

□ 

In the sequel we denote the quotient map of (J-, T2) onto (^ 7 /S(T),f^) by ttt, where T2 is the quotient 
topology induced by T on J 7 /S(T). Since S(T) is a closed C-submodule of J 7 , the factor (J 7 /S(T), 7^) has 
the structure of a Hausdorff topological C-module. 

Definition 3.32. The mapping ttt °T : (Q,t\) — > (J 7 /S(T),f^) is cai/ed the regular contraction of T. 
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Proposition 3.33. Let T be a C-linear map between the topological C-modules (Q, n) and (J 7 , t 2 ). Then 
the corresponding regular contraction ttt ° T : n) — > (jr/S(T),7^) is closed. 

Proof. By Remark 3.30 it suffices to prove that S(7Tt oT) = [0] in .F/S(T). By definition of the singularity 
of 7Tt o T we have 

S(tt t o T) = Huttt o T(U) = C\uitt{T{U)) = 7r T (n C /T(?7)) = tt t (S(T)) = [0]. 

□ 

The map T is related to its contraction in the following way. 

Proposition 3.34. A C-linear map T : [G,t\) — ► (.T 7 , r 2 ) between topological C-modules is a strict 
morphism if and only if it is weakly singular and its regular contraction is a strict morphism. 

Proof. By Proposition 3.27 if T is a strict morphism then it is weakly singular. It remains to prove 
that ttt o T is a strict morphism, i.e., for all neighborhoods U of in (Q, n) the image (ttt ° T)(U) is 
a neighborhood of in (7^ oT)(6) endowed with the topology induced by (J 7 /S(T),7^). Let us take 
neighborhoods [7, {/' of in C? such that V + V C [7. Since T is a strict morphism there exists a 
neighborhood V of in T such that V n T(C?) C T(t7')- Finally, take a balanced neighborhood V of 
in J 7 with the property V + V C V. We want to show that 7r T (F') n 7r T (T(C?)) C it t (T(U)). The choice 
of neighborhoods above and the fact that V + S(T) C V + T(U') yields 

n T (v') n 7r T (T(a)) = 7r T ((F' + S(T)) n r(a)) c 7r T ((y + T(f7')) n r(S)) 

= tt t ((V n T(S)) + T(E7')) C 7r T (T(C7)). 

Conversely, assume that T is weakly singular and that the regular contraction ttt T is a strict morphism. 
We have that S(T) n T(^) = T(n Ve v o ^ rT 7 )) = T(Kct(T)) = D UeUa T(U). Given a neighborhood [7 
of in Q we want to prove that T{U) is a neighborhood of in T(Q), or in other words that there 
exists a neighborhood V of in T such that V (~l T(^) C T(U). Let {/' be a neighborhood of in 
Q such that U' + U' C [7. Since 7Tt o T is a strict morphism we find a neighborhood V of in T 
such that tt t (V) n 7r T (T(e)) C n T (T{U')). It follows that V n T{Q) C T(C7') + (S(T) n T(0)) C 
T(C7') + r\ W eu T{W) C T(C7') + T(f7') C T(t7). This chain of inclusions completes the proof. 

□ 

We are now ready to work out a generalization of Theorem 3.26. Given the topological C-modules (Q, n) 
and (J 7 , r 2 ), where n is a Hausdorff C-lincar topology, and the surjective C-linear map T : (Q,t\) — ► 
(J 7 , r 2 ) we consider the regular contraction itt °T : (G,ti) — > (J7"/S(T), 7^) and the canonical bijection 

: ( Kcr(7 f Tor) ,n) - (g^y , r 2 ) : « + Ker(. T o T) -» . T o r(«) = T(«) + S(T). 

By Proposition 3.33 the map 7Tr o T is closed. Hence, by Proposition 3.31 the kernel of ttt ° 7 1 is closed 
and by definition of the quotient topology one can easily see that ttj T is closed. We recall that by 
Proposition 3.9 the factor space (J 7 /S(T), t£) is a Hausdorff barrelled C-module when J 7 is itself barrelled. 
At this point if (Q /Ker(7rxoT), fi) were an infra-s C-module an application of Theorem 3.21 to (ttt ° T) _1 
would allow to conclude that (7Tt o T) _1 is continuous and therefore ttt o T is open. It would immediately 
follow that 7Tt o T is open. Under the additional hypothesis that T is weakly singular, Proposition 3.34 
would imply that T : (Q, n) — > (JF, r 2 ) is open. 

This argument inspires the following definition and leads to Theorem 3.36. 

Definition 3.35. A Hausdorff topological C-module (Q,t) is called an s-C-module if for every closed 
C-submodule M the quotient (Q/M,t) is an infra-s C-module. 
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Theorem 3.36. Every weakly singular C-linear map from an s-C-module {Q,T\) onto a barrelled topo- 
logical C-module {F,T2) is open. 

By definition any s-C-module is an infra-s C-module. Finally, a combination of Proposition 3.25 with the 
considerations after Theorem 3.21 provides the following example. 

Proposition 3.37. Every Frechet C-module is an s-C-module. 

As for infra-s C-modules the statement of Theorem 3.36 gives a characterization for s-C-modules. 

Proposition 3.38. Let (Q,t\) be a Hausdorff topological C-module with the property that every weakly 
singular C-linear map from (G,Ti) onto a barrelled topological C-module is open. Then (Q,T\) is an 
s-C-module. 

Proof. We have to show that every quotient (Q/M,t{), where M is a closed C-submodule of Q, is an 
infra-s C-module. We can use the characterization of infra-s C-modules given in Remark 3.24. Hence, it 
suffices to prove that every closed C-linear bijection A from a Hausdorff barrelled C-module (H, r) into 
{Q/M,t\) is continuous. Let it be the projection of Q onto Q/M. Since A is closed, A" 1 and A" 1 o tt are 
closed maps. In particular A -1 oir is a closed map from (Q, n) into a barrelled and Hausdorff topological 
C-modulc. From Proposition 3.31 we have that A~ 1 o 7r is weakly singular and then by hypothesis it is 
open. By definition of the quotient topology it follows that A" 1 is open and thus A is continuous. □ 

Remark 3.39. By the proof of the previous proposition it is clear that the following characterization 
holds: a Hausdorff topological C-module (Q, Ti) is an s-C-module if and only if every closed C-linear map 
from (Q, n) onto a barrelled and Hausdorff topological C-module is open. 

4 Applications of the closed graph and the open mapping the- 
orems 

4.1 Applications to Colombeau theory 
4.1.1 Necessary condition for C/°°-hypoellipticity 

The recent investigation of the Q 00 -regularity properties of generalized differential and pseudodifferential 
operators in the Colombeau context [6, 10, 11, 12, 15, 16] has provided several sufficient conditions of 
t/°°-hypoellipticity, i.e. technical hypotheses on the generalized symbol of the operator P(x, D) which 
allow to conclude that u e Q°°(Q) when Pu e Q°°(Q). So far, the search for necessary condition for 
t/°°-hypoellipticity has been a long-standing open problem. 

The closed graph theorem stated for Frechet C-modules as a particular case of Theorem 1.6 for the first 
time enables us to find a necessary condition for (J^-hypoellipticity on the symbol of a partial differential 
operator with generalized constant coefficients. 

Preliminaries from Colombeau theory 

We begin by recalling that the Colombeau algebras and Q°°(Q) endowed with the correspond- 

ing sharp topologies as in [7] Example 3.6 and 3.12 respectively have the structure of a Frechet C- 
module. On 0(Q) we use the ultra-pseudo-seminorms {PK,j}Kmn,j£F$ obtained through the valuation 
VK,j({ue)e) : = sup{6 G M : sup xeK < a < < j \d a u e (x)\ = 0(e b )ase —> 0} and on £/°°(f2) we use the family 
of ultra-pseudo-seminorms {Vgoor K \}Kmn given by the valuations vgx,r K \((u e ) s ) := sup{fe el: Va € 
N" sup xeK \d a u E (x)\ = 0(e b )}. Clearly g°°(n) is continuously embedded in 0(0). 
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The ring of complex generalized numbers C is a Banach C-module with respect to the ultra-pseudo-norm 
|u| c : = e ~ v(u \ where v(u) = v((u e ) £ ) := sup{6 G R : |u e | = 0(e fc )ase -> 0}. 

For more details concerning the properties of ultra-pseudo-seminorms and valuations the reader can refer 
to [7]. 

Remark 4.1. The spaces of Colombeau type quoted above give concrete examples of bornological, 
ultrabornological, barrelled and webbed C-modules as introduced in Sections 1 and 3. More precisely, from 
Propositions 2.9, 2.14 and 2.15 in [7] we have that Q°°($l), Q(Q) and Q c (Cl) are bornological and barrelled. 
Since they arc in addition separated and complete, by Proposition A.16(iu) they are all ultrabornological 
C-modules. By Propositions 1.3 and 1.14 we have that the algebras Q°°(Q), Q(fl) and Q c (fl) can be 
equipped with an absolutely convex web of type C. Finally, we recall that the duals C(G c (£l),C) and 
£(Q(Q), C) are endowed with the separated C-linear topology of uniform convergence on bounded subsets, 
i.e. with the topology obtained via the ultra-pseudo-seminorms Vb{T) := sup u6B \Tu\ e where B is a 
bounded subset of Q c (Cl) and Q(Cl) respectively. By Theorem 1.17 both the spaces C(G C (Q),C) and 
C(Q(Q), C) have an absolutely convex web of type C. 

Generalized points of log-type 

In stating and proving Theorem 4.5 we will consider the following set of generalized points. 

Definition 4.2. We say that £ G R™ is of log-type if there exists a representative (£ e ) e of £ G R™ such 
that%\ = 0{\og{l/e)). 

The previous condition can equivalently be stated saying that the net (e'^ e ') e is moderate (see [15, Lemma 
2.3]). Note that if (£ e ) e and (£g) e are representatives of £ such that the nets (e^ E l) e and (e'^ e ') e belong 
both to Em then (e'^ e ' — e^ e ') £ G M . Indeed, from the equality 

e i?ei _ e Kii = e i£i (e ic.i-ie;i _ 1) = e K\( e m.\-K\) m _ 

and our assumptions it follows that for all q G N 

(4.5) | e K«l-el£l| < e-^+flell^l-I^H 

when e is small enough. Since ||£ e | — \^' e \\ < |£ e — ££| we have that e" 5e '~'^" = 0(1) and the estimate 
(4.5) yields (e^l - e^l) e G N. As a consequence, when £ is of log-type the generalized number 

e' 51 := [(e'^'U 

where (£ e ) e is any representative of £ such that (e'^ e ') e is moderate, is well-defined in R. Finally, when 
( £ C then Im£ = (Im£i, Im£„) G R n and we can define the map C™ — > R™ : £ — > Im£. In particular 
if ImC is of log-type then el Im «l G R. 

Before proceeding we observe that when £ G C™ and Im £ is of log-type then 

e -i*C : = [(e- ix ^) e ] 

is a generalized function in £(R n ). The moderateness of (e~ lx ^') s is clear from £ e = a e +ib £ , (e' fce ') e G £m 
and the inequalities 

| e «C £ | = | c - la; a £ || ea; 6 e | < e |x||fc e | ; 

|d a e^| < |£e| |a| |e ix ^|. 
When (|£ e — £^|) £ G J\f then we can write the equality 

e ix( e _ e i< = e +ix&( e ix(C s -&) - l) = c +l <e ix{c "-O e i x ^ e _ Q, 

Hence arguing as above under the hypothesis that both the nets (e' Im ^ e ') e and (e' Im ^') e are moderate, 
we obtain that (e" c - - e ix ^) e G N{W L ). 
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£/°°-hypoellipticity 

The regularity of a generalized function in Q(Cl) with respect to Q°°(Q) is measured by the following 
notions of Q°° -singular support. 

Definition 4.3. The Q°° -singular support of u £ <?(0) (sing supp go o u) is the complement of the set of 
all points x £ Q such that the restriction of u to some neighborhood V of x belongs to Q°°(V). 

We recall that a partial differential operator with coefficients in C maps Q°°(n) and G(fl) continuously 
into themselves, respectively. Adopting the language already in use in [15] we introduce the following 
definition. 

Definition 4.4. Let P(D) be a partial differential operator with coefficients in C. P(D) is said to be 
^°°-hypoclliptic if for any open set fl C R" 

(4.6) singsupp^oo P{D)u = singsupp^oo u 
for all ueG(tt). 

Main theorem 

The following theorem is modelled on the well-known classical result valid for hypoelliptic partial differ- 
ential operators with constant coefficients. For an overview on the topic we refer to [2, Chapterl] and 
[14, Chapter 4]. 

Theorem 4.5. Let P{D) be a partial differential operator with coefficients in C and let N(P) the set of 
all zeros of P in C" with imaginary part of log-type. If P(D) is Q°° -hypoelliptic then 

v(|ReC|) >0 

for all(£ N(P). 

Proof. Let fl be an open subset of M™. Under the assumption of ^^-hypoellipticity we know that the 
set KerP := {u £ G(£l) : P(D)u = 0} is contained in G°°(il) and therefore in G(Cl). Since G(Ct) is a 
Frechet C-module and P(D) is a continuous map from G(Cl) into itself we conclude that KerP is a Frechet 
C- module when endowed with the topology of G(ty- 

We can now define the map 

F :KcrP ^G 00 ^) :u^Au. 

An application of the closed graph theorem (Theorem 1.6) allows to prove that F is continuous. We 
have to verify that the graph of F is sequentially closed. Let (u,v) £ Graph(F), u n — > u in KerP and 
Au n — > v in G°°(Q). By continuity properties we have that Au n — > Au in <?(£!). Since at the same time 
Au n — > v in Q(Cl) we conclude that v = Au. Hence, (u, v) £ Graph(P). 

In terms of valuations the continuity of F can be expressed as follows: for all K <s fi there exists L <s CI, 
j £ N and ceR such that 

Vgoc (K) (Fu) >C + V L j(u) 

for all u £ KerP. This means that for all u £ KerP and for all m £ N, 

(4.7) v^ K (A m (Fu)) >c + v LJ (u), 
where v^ K (A m (Fu)) = v([(su PxeK A m Fu e (x)) e ])- 

Let C £ N(P). As observed above w = e" c £ G(fl) and since P{D)(c lx () = P(C)(e" c ) we have that 
w £ KerP. Moreover, Fw(x) = -( 2 c lx ^ for ( 2 = £i + ... + (n- The choice of w in (4.7) yields 

Voo,K((C 2 ) m e ixf ) > c + v Lj (e^) > c + v((l + |C|) J ) + v(c ai l Im fl), 
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where a\ = sux> xeL \x\. Since for a 2 = s\i\) x&K \x\ 

v(|CTe~ a2|ImCI ) > v co ^((C 2 ) m e^) 

we obtain that 

(4.8) v(|C 2 D > c + v((l + |C|) j ) + v(c ai l Im «l) + v(e a2 l Im ^l) > c + v((l + |C|) J ) + 2v(e a ' Im <l), 
with a = a\ + 0,2 ■ The constant c, a and j in (4.8) do not depend on ( £ -W(-P) and m. This leads to 

v( i C 2|) > £ + ^a+ici) 3 ) + 2v(c Q i im ^i) 

— to m m 

and therefore to v(|£ 2 |) > 0. Finally, from the equality 

C 2 = d 2 + - + C = I Rc CI 2 + 2z Re C Im C - | ImC| 2 . 
we have that v(|| Re£| 2 — | Im^| 2 |) > v(|£ 2 |) > 0. We can now conclude that 

v(|ReC| 2 )>min{v(||ReC| 2 -|ImC| 2 |),v(|ImC| 2 )} = 0. 

□ 

Remark 4.6. In this remark we collect some considerations concerning the necessary condition for Q°°- 
hypoellipticity given in Theorem 4.5. We recall that (w £ ) £ £ C^ ' 1 ' is said to be a slow scale net if for all 
p > there exists c p > such that \oJ e \ p < c v e~ x for all e £ (0, 1]. 

(i) The sufficient condition for ^°°-hypoellipticity on a partial differential operator P(D) = J^iaKm c aD a 
with generalized constant coefficients presented in [10, Definition 6.1], [9, Definition 2.11] and [16, Theo- 
rem 3.2] requires that a representative (P £ ) £ of the polynomial P has the following property: there exist 
I < to, a net > Ce s and some slow scale nets (r £ ) £ , (oj2,e)e such that 

(4-9) \P e (0\ >Ul,e(O l 

and 

(4.io) \d a Pe(m <u2,e\mmr lal 

for all e £ (0, 1] and for all £ with |£| > r £ . 

The second assertion of Theorem 4.5 allows us to claim that every partial differential operator P(D) = 
J2\ a \<m c aD a satisfying the condition above has all zeros ( £ N(P) with v(|ReC|) > 0. This result can 
be directly verified on all ( = [(Ce)e] S N(P) obtained by nets of zeros of (P £ ) £ . Let (P £ ) £ satisfy the 
estimates (4.9) and (4.10) and let (Ce)e be a representative of £ £ N(P) such that P £ (( £ ) = 0. Lemma 
4.1.1 in [14] shows that there exists a constant C > such that for all polynomials p of degree < to we 
have 

c- 1 < d(0 ]T l 9 >(0M0l 1/H <c, c- e R", p(0 + o, 

where d(£) denotes the distance from £ to the surface {( £ C™ : p(£) = 0}. It follows that if | Re( £ \ > r £ 
then by (4.10) there exists some slow scale net (uj £ ) £ such that 

C" 1 <d(RcCe)^|9 a P £ (RcC £ )/P e (RcCe)r /|a| < w e d(Re Ce) (Re Ce)" 1 < w £ d(Re Ce) I Re Ce I" 1 ■ 
Hence, 

I Re Ce I < Cu; £ d(Re( £ ) < C'Lu £ \Im( £ \ < Cuj s log{l/s). 
In conclusion | Re£ e | < max{r e , C'uj £ log(l/e)} for all e £ (0, 1] and therefore v(| ReC|) > 0. 

(ii) If the polynomial P has a zero £ with classical imaginary part such that v(|Re£|) < then the 
corresponding operator is not <?°°-hypoelliptic. As an example take the operator P(D) = — i[(e r ) £ ]d Xl + 
d X2 with r > 0. The point < = (Ci, C2) with Ci = [(e~ r +i) £ ] and C2 = [{s r + i) £ } has v(| RcC|) = -r and 
the operator P(D) is not C/^-hypoelliptic. Indeed, the generalized function u = [^ lXlE r ~ X2 ~>) £ ] satisfies 
P(D)u = but u Q°°(M 2 ). 
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4.1.2 Cauchy problem in the Colombeau framework: continuous dependence on the data 

Let us consider the initial value problem 

(4.11) ii(t)=a(t)u(t)+b(t), u(t ) = 

in the Colombeau context, where a, b G Q(M.) and look for a solution u in C?(R). By Theorem 1.5.2 and 
Remark 1.5.3 in [13] we know that if a is of L°°-log type, that is it has a representative (a e ) e with the 
property ||a e ||z,oo = 0(log(l/e)), then the problem (4.11) has a unique solution in Q(R). 

We define D ta := {u £ Q(M.) : u(to) = 0} and the C-linear map 

T : D to — > G(R) :u^u- au. 

Since the evaluation map G(R.) — > C : u — > u(t ) is continuous D ta is a closed C-submodule of Q{R) and 
therefore it is a Frechet C- module with the topology induced by Q (R) . One can easily see that the C-linear 
bijective map T is continuous. We can then apply the open mapping theorem 2.1 (which is actually in 
the form of an isomorphism theorem in this case) and conclude that the map T has continuous inverse. 
This means that the solution u of the Cauchy problem (4.11) depends continuously on b. 

More generally the continuous dependence on the inhomogeneity b and the initial values Uo, Mi, w n -i S 
R holds for any Cauchy problem uniquely solvable in Q{R) of the form 

n-l 

«(»)(*) = + «(*o) = «o, = ui, = 

1=1 

where Oj, 6 G ^?(R), « = 1, n — 1 and f is a generalized point with compact support. This is obtained 
by proving that the inverse of the bijection 

T : g(R) -» g(R) xl":^ - ^ a,u w , u(^), u'(^), t/"" 1 ^)') 

^ i=l ' 

is continuous via application of the open mapping theorem for C-linear maps between Frechet C-modules. 

This functional analytic method is particularly convenient when we deal with Cauchy problems given by 
a partial differential equation because the direct investigation of the continuous dependence on the data 
of the solution may involve rather complicated estimates. As an instructive example let us consider the 
linear wave equation 

(4.12) (df-A)u = f mg(R n+1 ), u\ {t=a} = c, d t u\ {t=0} = d mG(R n ), 

which has a unique solution in g(R n+1 ) given c, d £ £(R n ) and / e g(R n+1 ) (see [20, Remark 16.4]). 
The map 

T : g(R n+1 ) - g(R n ) x g(R n ) x g(R n+1 ) : u - (u\ {t=0} ,dtu\ {t=oy , {d 2 t - A)u) 

is bijective and continuous. By application of the open mapping theorem 2.1 we conclude that the solution 
u E g(R n+1 ) of the Cauchy problem (4.12) depends continuously on /, c and d. 

4.2 Applications to the theory of Banach C-modules 

We conclude the paper by presenting some applications of the closed graph and the open mapping 
theorems elaborated in Sections 1, 2, 3 to the abstract theory of Banach C-modules (i.e., complete and 
ultra-pseudo-normed C-modules). 
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4.2.1 Equivalence of ultra-pseudo-norms 



Definition 4.7. The ultra-pseudo-norms V and Q on the C-module Q are said to be equivalent if there 
exist some constants C\, C2 > such that C\V(u) < Q(u) < C<{P(u) for all u e Q. 

Proposition 4.8. Let Q be a C-module and V and Q two ultra-pseudo-norms which give the structure 
of a Banach C-module to Q . If Q(u) < CV{u) for some C > and for all u G Q then V and Q are 
equivalent. 

Proof. By the inequality involving V and Q we know that the identity map from (Q,V) into (<?, Q) is 
continuous. An application of Theorem 2.1 yields the continuity of the identity map from (Q, Q) to (Q, V). 
As a consequence, V and Q are equivalent ultra-pseudo-norms on Q. □ 

4.2.2 A theorem of uniform boundedness 

The Banach C-module-version of the closed graph theorem allows to obtain a result of uniform bound- 
edness for C-linear maps. We begin by recalling some useful preliminary notions of functional analysis. 

Proposition 4.9. Let (Q,V) and (T, Q) be ultra-pseudo-normed C-modules. 

(i) The C module 

CiG^J 7 ) := {T : Q — > T, C — linear and continuous} 

can be equipped with the structure of an ultra-pseudo-normed C-module by means of the ultra-pseudo- 
norm 

V c{ g^)(T):= sup Q(Tu). 

V(u) = l 

(ii) If (J 7 , Q) is complete then (C(Q,J 7 ) 7 Vc(g,^)) is complete. 
(Hi) Let X be a subset of Q . Then the set 

B(X, T) := {T : X -> T, sup Q(Tu) < 00} 

uex 

is an ultra-pseudo-normed C-module with respect to the ultra-pseudo-norm 

T>B(x,r)(T) := sup Q(Tu). 

uex 

(iv) If(T,Q) is complete then {B{X,J 7 ) 1 T J t}(x.j r )) * s complete. 

Proof. We leave it to the reader to prove the assertions (i) and (ii) since they are analogous to the classical 
statements valid for normed and Banach spaces. The same holds for (Hi). Assume now that (JF, Q) is 
complete. We want to prove that any Cauchy sequence (T n ) n in (B(X,T),T J B{x,r)) is convergent. Since 
for all S > there exists N e N such that V B ( X .r)(Tn - T m ) < 6 for all n, m > N it follows that (T n (u)) n 
is a Cauchy sequence in T for all fixed u 6 X. Consequently it converges to some Tu in T. Combining 
the assertion 

Vw e X V(5 > 3N e N Vn > N Q(Tu - T n u) < 5 

with 

V<5 > 3M e N Vm, n > M Vu e X Q(T n u - T m u) < S 

we obtain that sup weX Q(Tu — T n u) < S for n large enough. It follows that T e B(X, T) and that 
T n — > T in B(X,J r ). ' □ 
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Theorem 4.10. Let (G,P) and (J 7 , Q) be Banach C-modules. Let Y C £(Q 7 J 7 ) be a pointwise bounded 
subset of C{G,T), i.e., sup Te y Q{Tu) < oo for all u E Q. Then Y is a bounded subset of the C-module 

Proof. By Proposition 4.9 the C-module B(Y, J 7 ) endowed with the topology induced by the ultra-pseudo- 
norm Vb(y,f) is a Banach C-modulc. We define the map 

S : (G,T) - {B{Y,F),V B(Y ,r)) : u —> (T —> T(u)). 

This is possible since by the assumption of pointwise boundedness of Y we have sup TeY Q(S(u)(T)) < oo. 
The map S is C-linear and its graph is sequentially closed. Indeed, if u n — > u in (G, V) and Su n — > H in 
B(Y, T) then for all T E Y we have Q(S(u n )(T) - H(T)) -> 0. This means that Tu n -> iJ(T) in J 7 . But 
by the continuity of T we also have that Tu n — > Tw in JT. Hence _ff (T) = T(u) for all T G Y or in other 
words H = S{u). Wc can now apply Theorem 1.6 and conclude that the map S is continuous. It follows 
that there exists a constant C > such that supp( u ) =1 Vb(y,f)(S(u)) < C and therefore for all T E Y, 

sup Q(Tu)= sup Q(S(u)(T))< sup sup Q(S(u)(T)) = sup P B(Y -,^(S(u)) < C. 
p(u)=i p(u)=i p(u)=iTey p(u)=i 

In conclusion, sup TgY Vc(g.r) (T) < C. 

□ 

Remark 4.11. More generally one can prove that if (G,ti) and {HF,T2) are topological C-modules then 
a pointwise bounded subset Y of C^iF) is cquicontinuous with respect to (G,Ti) and (J 7 *, T2). Indeed, 
if V be a closed topological string in (J 7 , T2) then T _1 (V) is a closed topological string in (<7,Ti) for any 
T E Y. From the pointwise boundedness of Y it follows that U := nTey7 1_1 (V) is a closed topological 
string in (G,t\). Hence, U is a topological string in (<?,Tf). Finally, since by construction T(U) C V for 
every T e Y", we conclude that Y" is cquicontinuous with respect to {G,t\) and (J 7 , T2). 
In particular, Y is an equicontinuous subset of £((<?, n), (J 7 , r 2 )) when the C-module (G, n) is barrelled. 

Appendix: bornological and ultrabornological C-modules 

In this appendix we give a brief survey on bornological and ultrabornological C-modulc. We begin with 
the definition of a bornological C-module given in [7, Definition 2.7]. 

Definition A. 12. A subset A of a locally convex topological <C-module G is said to be bornivorous if 
it absorbs any bounded subset of G ■ A locally convex topological C-module G is bornological if every 
absolutely convex and bornivorous subset of G is a neighborhood of the origin. 

Every ultra-pseudo-normed C-module is bornological or more generally, as proved in [7, Proposition 2.9], 
every locally convex topological C-module which has a countable base of neighborhoods of the origin is 
bornological. 

It is possible to characterize the topology of a Hausdorff bornological C-module as the finest locally 
convex C-linear topology which makes any injection lb ■ Gb — > G continuous, where B is any bounded 
disk. An analogous conclusion holds for Hausdorff ultrabornological C-modules when B is a bounded 
Banach disk. To achieve these characterizations a deeper investigation of the structural properties of the 
C-module Ga is needed. 

Proposition A. 13. Let G be a locally convex topological C-module and A a nonempty, balanced and 
convex subset of G ■ 

(i) If G is a Hausdorff C-module and A is bounded then Ga is an ultra-pseudo-normed C-module. 
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(ii) If in addition to the hypotheses of (i) the subset A is complete, then Qa is a Banach C-module. 

The proof of the second assertion of Proposition A. 13 makes use of the following lemma. 

Lemma A. 14. Let Q be a (C-module and let r and t' be two Hausdorff C-linear topologies on Q . Suppose 
that t is finer than r 1 and that it has a fundamental system B of balanced neighborhoods of the origin 
which are complete for t' . Then Q is complete for r. 



Proof. We begin by proving that every V € B is complete for r. Let T be a Cauchy filter on V. Since T 
is also a Cauchy filter with respect to the topology t' , we find some x G V such that T — > x for t' on 
V. Let W be a neighborhood of for r such that W is balanced and complete for r' and W + W C V . It 
follows that W is closed for t' . By definition of a Cauchy filter there exists iGf such that A — A C W. 
Let us take x\ G A. Then A C xi + W and since x\ + W is closed for r', the closure of A with respect 
to t' is contained in x\ + W. Therefore, xo G xi + W and by the fact that W is balanced we conclude 
that AQxq + W + WQxq + V. This proves that T — > a; for r. Finally, assume that .T 7 is a Cauchy 
filter on Q for t. For all V G /3 there exists A G .T 7 such that A-iC V. Let us fix V and A with 
the previous property For x\ G A we have that A C x\ + V and therefore the filter induced by T on 
x\ + V is a Cauchy filter. Since V is complete with respect to the topology r, x\ + V is also complete 
and therefore the filter induced by T on x\ + V is convergent. It follows that T is convergent for t and 
Q is complete. □ 



Proof of Proposition A. 13. (i) Let u ^ be an element of Qa- We want to prove that Va(u) ^ 0. Since 
Q is Hausdorff there exists a neighborhood U of the origin such that u $ U and by the boundedness of A 
we know that there exists a G M such that [{e~ b ) e ]A C {/ for all b < a. Consequently u ^ [(e _ '') £ ]A and 
va(u) ^ +oo. 

(m) In the sequel we denote the topology generated by the ultra-pseudo-norm Va on Qa with t and the 
topology induced by Q on Qa with r'. Since for all 77 > 0, 

{u&Qa: Va{u) < V } C [(e- lo s f ')s]A C{ue5 A : < 77}, 

([(e") e ]A)„ is a fundamental system of balanced neighborhoods of the origin for r. Each of them is 
complete for r' by the completeness of A. Since A is bounded, for every neighborhood U of in Q there 
exists a such that [(e~ b ) e ]A C U for all b < a. This means that r is finer than r' . Therefore, by applying 
Lemma A. 14 we conclude that Qa is complete for the topology r. □ 

A straightforward consequence of Proposition A. 13 is the following result on bornological C- modules. 

Proposition A. 15. Let Q be a bornological locally convex topological C-module. Then there exists a 
family of locally convex topological C-modules (Q 7 ) ier , whose topology can be defined with the help of a 
single ultra-pseudo-seminorm, and a family (t 7 ) 7e r of C -linear maps t 7 : Q y — > Q such that Q is endowed 
with the finest locally convex C-linear topology which makes every t 7 continuous. Moreover, if Q is a 
Hausdorff C-module then every Q 1 can be taken to be an ultra-pseudo-normed C-module. Finally, if Q is 
Hausdorff and quasi-complete then every Q 7 can be taken to be a Banach C-module. 



Proof. Let A be an absolutely convex closed and bounded subset of Q. We know that Qa is topologized 
through the ultra-pseudo-seminorm Va- Let la be the canonical injection of Qa into Q. We denote 
the original topology on Q by r and the finest locally convex C-linear topology which makes every la 
continuous by r'. Let V be an absolutely convex neighborhood of for r. Then there exists a G M such 
that [(e _a ) e ]A C V. This means that [(e- a ) £ ]A C ^(V) and therefore V is a neighborhood of the origin 
in Q with respect to r'. Conversely, let V be an absolutely convex neighborhood of the origin for r'. 
Then for each absolutely convex bounded and closed subset A of Q, ^(V) is a neighborhood of for Qa- 
Hence for every A there exists a G M such that [(e~ a ) e ]A C ^(V) and then [(£~°%]A C V. It follows 
that V is an absolutely convex and bornivorous subset of Q. Since Q is bornological we conclude that 
V is a neighborhood of for r. The other two assertions of this proposition are entailed by Proposition 
A.13. □ 
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Proposition A. 16. 

(i) A Hausdorff locally convex topological C-module Q is bornological if and only if it has the finest locally 
convex C-linear topology given by the family of ultra-pseudo-normed C-modules (Qb)b, where B is 
any bounded disk. 

(ii) Every ultrabornological C-module Q is bornological. 

(Hi) A Hausdorff locally convex topological C-module Q is ultrabornological if and only if it has the finest 
locally convex C-linear topology determined by the family of Banach C-modules (Gb)b, where B is 
any bounded Banach disk if and only if it has the finest locally convex C-lineartopology determinated 
by a family of C-linear injections t 7 : Q 1 — > Q, where every Q 1 is a Banach C-module. 

(iv) Every bornological, Hausdorff, guasi- complete C-module is ultrabornological. 

Proof, (i) By Proposition A. 15 the necessary condition is clear. Conversely assume that Q has the finest 
locally convex C-linear topology which makes every map lb '■ Qb — > G continuous. We have to prove 
that every absolutely convex and bornivorous subset V of Q is a neighborhood of the origin. Clearly, for 
every B we have that ^(V) C Qb is absolutely convex and since by assumption ib is continuous, every 
bounded subset D of Qb is mapped into a bounded subset of Q. V is bornivorous. This means that given 
D Q Q B there exists d' G R such that l b {D) C [(e d ) £ ]V for all d' < d, that is D C [(e d ) ^l^ 1 (V) for all 
d' < d. Hence, by the fact that Qb is ultra-pseudo-normed and therefore bornological, we conclude that 
(,^ 1 (V') is a neighborhood of the origin in Qb- This proves that V is a neighborhood of the origin in Q 
and that Q is bornological. 

(ii) We have to prove that if Q is ultrabornological then every absolutely convex and bornivorous subset 
U of Q is a neighborhood of the origin. Clearly, since U is bornivorous it is also ultrabornivorous and 
therefore it is a neighborhood of in Q. 

(Hi) As in Proposition A. 15 one easily proves that if Q is ultrabornological then it has the finest locally 
convex C- linear topology determined by the family of injections lb ■ Qb — ► G where B is any bounded 
Banach disk. Conversely, assume that Q is Hausdorff and has the finest locally convex C-linear topology 
which makes any map lb ■ Qb —* G continuous where B is a bounded Banach disk. We want to 
prove that every absolutely convex and ultrabornivorous subset V of Q is a neighborhood of 0. Let D 
be a bounded Banach disk in Qb- This means that D is absolutely convex, bounded in Qb and that 
((Gb)d,"Pd) = (GdiVd) is Banach. Hence, Lb(D) is a Banach disk of Q and since V is ultrabornivorous 
there exists d! G K such that l b (D) C [(e d ) E ]V for all d' < d, that is D C [(e d ) e]^ 1 (V) for all d! < d. 
This shows that tg (V) is an absolutely convex ultrabornivorous subset of Qb- Since Qb is a Banach and 
therefore ultrabornological C- module we obtain that ^(V) is a neighborhood of in Qb- Hence, V is a 
neighborhood of in Q. 

It remains to prove that if Q has the finest locally convex C-linear topology determinated by the family 
of C-linear injections t 7 : Q 7 — > Q, where every Q 1 is a Banach C-module, then every absolutely convex 
and ultrabornivorous subset U of Q is a neighborhood of the origin. By definition t~ x (U) is absolutely 
convex in Q 7 . Let B be a bounded Banach disk in Q 1 . Then i 7 (B) is a bounded disk in Q. We want to 
prove that (Q L (b)i'Pl (b)) is a Banach C-module, knowing that (({? 7 )s, "Ps) is a Banach C-submodule 
of Q 1 . Let (u n ) n be a Cauchy sequence in Q Li (b)- Then for all n there exist m n G N and b n G B 
such that u n = [(e~ m ") e ]t 7 0„) and v l _^ B )([(£~ mn+1 )e}h( b n+i) ~ [(e~ m ")eK(M) - > +°°- :t follows 
that the sequence ([(s~ m ") £ ]b n ) n belongs to (Q 7 )b and that for all q G N there exists N G N such that 
h ([(e- m ^) £ ]b n+1 - [(e- m ") £ ]b n ) G [(e") £ } h (B) for all n > N. Thus, [(e- m ^) £ ]b n+1 - [( £ - m -) £ }b n G 
[(e q ) £ ]B for all n > N or in other words ({(s~ m ™) £ ]b n ) n is a Cauchy sequence in (Q^)b- Since (Q 7 )b is 
complete, ([(e~ m ") £ ]b n )n tends to some v G (Q^)b and by continuity of t 7 we conclude that u n — ► t 7 (w) 
in Gl^(B)- This shows that (^(b), 'P^(b)) is complete. Now, l 7 (B) is a bounded Banach disk in Q and 
hence it is absorbed by U, i.e., t-y(B) C [(e b ) £ ]U for all b smaller than a certain a G R. It follows that 
B C [(e'') £ ]/, 7 _1 ([/). We conclude that ^(U) is an absolutely convex ultrabornivorous subset of Q 7 and 
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therefore a neighborhood of in Q 1 . As a straightforward consequence we have that U is a neighborhood 
of in g. 

(iv) From the first assertion of this proposition combined with Proposition A. 15 we know that if Q 
is bornological and Hausdorff then it has the finest locally convex C-linear topology which makes any 
injection lb ■ Qb —* Q continuous, where B is a closed and bounded disk of Q. By Proposition A. 13 and 
the assumption of quasi-complctcness we have that every (Gb,Pb) is a Banach C- module. The third 
claim of this proposition allows to conclude that Q is ultrabornological. □ 

Since every Frechet C-module is bornological, Hausdorff and complete by the fourth statement of the 
previous proposition we obtain that every Frechet C-module is ultrabornological. 

Acknowledgment: The author is grateful to Prof. Michael Oberguggenberger for several inspiring 
discussions during the preparation of the paper. 



References 

[1] N. Adasch, B. Ernst, and D. Keim. Topological Vector Spaces. Number 639 in Lecture Notes in 
Math. Springer- Verlag, Berlin, 1978. 

[2] J. Chazarain and A. Piriou. Introduction to the theory of linear partial differential equations. Num- 
ber 14 in Studies in Mathematics and its Applications. North Holland Publishing and Co., Amster- 
dam, 1982. 

[3] M. Dc Wilde. Sur lc theorem du graphc forme. C. R. Acad. Sc. Paris, 265, serie A:376-379, 1967. 

[4] M. De Wilde. Ultrabornological spaces and the closed graph theorem. Bull. Soc. R. Sc. Liege, 
40:116-118, 1971. 

[5] M. De Wilde. Closed graph theorems and webbed spaces, volume 19. Research Notes in Mathematics, 
Pitman, London, 1978. 

[6] C. Garetto. Pseudo-differential operators in algebras of generalized functions and global hypocllip- 
ticity. Acta Appl. Math., 80(2):123-174, 2004. 

[7] C. Garetto. Topological structures in Colombeau algebras: topological C-modules and duality theory. 
Acta. Appl. Math., 88(1):81-123, 2005. 

[8] C. Garetto. Topological structures in Colombeau algebras: investigation of the duals of G C {Q), G(Q) 
and 6^(R"). Monatsh. Math., 146(3):203-226, 2005. 

[9] C. Garetto. Microfocal analysis in the dual of a Colombeau algebra: generalized wave front sets and 
noncharacteristic regularity. arXiv.math. AP/0511297, 2006. 

[10] C. Garetto, T. Gramchev, and M. Oberguggenberger. Pseudodiffcrential operators with generalized 
symbols and regularity theory. Electron. J. Diff. Eqns., 2005(2005)(116):l-43, 2003. 

[11] C. Garetto and G. Hormann. Microfocal analysis of generalized functions: pseudodiffcrential tech- 
niques and propagation of singularities. Proc. Edinburgh. Math. Soc, 48(3):603-629, 2005. 

[12] C. Garetto and G. Hormann. Duality theory and pseudodifferential techniques for Colombeau al- 
gebras: generalized kernels and microfocal analysis. Proceedings of the Conference "Generalized 
Functions 2004", University of Novi Sad, 2005. to appear in Bull. CI. Sci. Math. Nat. Sci. Math. 

[13] M. Grosser, M. Kunzinger, M. Oberguggenberger, and R. Steinbauer. Geometric theory of generalized 
functions, volume 537 of Mathematics and its Applications. Kluwcr, Dordrecht, 2001. 



30 



[14] L. Hormandcr. Linear Partial Differential Operators. Springer- Verlag, Berlin, 1963. 

[15] G. Hormann and M. Oberguggenberger. Elliptic regularity and solvability for partial differential 
equations with Colombeau coefficients. Electron. J. Diff. Eqns., 2004(14):l-30, 2004. 

[16] G. Hormann, M. Oberguggenberger, and S. Pilipovic. Microlocal hypoellipticity of linear partial 
differential operators with generalized functions as coefficients. Trans. Amer. Math. Soc, 2005. to 
appear. 

[17] J. Horvath. Topological vector spaces and distributions. Addison- Wesley, Reading, MA, 1966. 
[18] G. Kothe. Topological vector spaces II. Springer, New York, 1979. 

[19] M. Oberguggenberger. Der Graphensatz in lokalkonvexen topologischen Vectorraumen. Teubncr- 
texte zur Mathcmatik. Teubner Verlagsgesellschaft, Leipzig, 1982. 

[20] M. Oberguggenberger. Multiplication of Distributions and Applications to Partial Differential Equa- 
tions. Pitman Research Notes in Mathematics 259. Longman Scientific & Technical, 1992. 



31 



